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ABSTRACT 
This thesis presents an efficient method to predict the behaviour of some space 
structures, namely, single layer grids and domes. The approach is based on transforming 
a dense space structure into a similar space structure with lower density (fewer number 
of nodes and elements). This reduced structure is then analysed in the usual manner and 
the results are employed to obtain an approximation to the behaviour of the actual 
structure. 
In order to assess the accuracy and the limitations of the proposed method, a number of 
practical examples are analysed. The influence of irregularity of loading and support 
conditions have also been investigated. The comparison of the results obtained by the 
exact analysis has shown that the accuracy of the proposed method is satisfactory for 
the design of space structures. 
For generating data and organizing the graphical output of the examples studied, the 
concepts of formex algebra together with the programming language Formian have 
been utilised. 
The application of the proposed method is extended to the dynamic behaviour of grids 
and domes. 
The proposed method provides a simple means for designers to estimate the effects of 
changes in the density of the configuration on the behaviour of grids and domes. 
The method has the potential of being extended in many directions and, in particular, to 
the study of non-linear behaviour of space structures. 
2 
: 4j ma 
3 r5'-'3 L5C3 L0 
ý lps_4s &aca X11' `1' (o-'r° 
I3 I 4S 
3 
ACKNOWLEDGEMENTS 
I sincerely express my best gratitude to my supervisor, Professor H. Nooshin. I am 
deeply indebted to him for his unfailing support and dedicated guidance through the 
development of this work. 
I am also grateful to Dr. M. A. Barkhordary for his guidance, support and cooperation. 
Most importantly I would like to thank Maryam, my wife, for her patience and priceless 
encouragement during this period. Without her immense support, this research would 
not have reached to the end. 
I would like to thank to all my friends at the Space Structures Research Centre for their 
interest, and discussions. 
Finally, I am grateful to Ministry of Culture and Higher Education of the Islamic 
Republic of Iran for its financial support during my studies. 
4 
TABLE OF CONTENTS 
ABSTRACT 2 
ACKNOWLEDGMENTS 4 
CHAPTER 1 INTRODUCTION 8 
CHAPTER 2 RENECTION METHOD FOR GRIDS 11 
2.1 Introduction 11 
2.2 The Basic Idea 11 
2.3 Relative Density 31 
2.4 Material Dilution 38 
2.5 Diluted Members 41 
2.6 Members Near a Concentrated Load or a Support 46 
2.7 Interpolation 52 
2.8 Numerical Studies 59 
2.8.1 Presentation of Results 59 
2.8.2 Loading 62 
2.8.3 Presentation of Examples 64 
2.8.4 Discussion 67 
2.8.4.1 Comparison of Examples 1,2,3 and 4 67 
2.8.4.2 Comparison of Examples 4 and 5 79 
2.8.4.3 Comparison of Examples 5 and 6 79 
2.8.4.4 Comparison of Examples 1 and 7 84 
2.8.4.5 Comparison of Examples 7 and 8 84 
2.8.4.6 Comparison of Examples 8 and 9 84 
2.8.4.7 Comparison of Examples 1 and 10 91 
0 
5 
2.8.4.8 Comparison of Examples 10,11 and 12 91 
2.8.4.9 Examples 13 and 14 98 
2.8.4.10 Comparison of Examples 10 to 14 98 
2.8.4.11 Comparison of Examples 1 and 15 103 
2.8.4.12 Examples 16 to 19 103 
CHAPTER 3 DYNAMIC BEHAVIOR OF GRIDS 124 
3.1 Introduction 124 
3.2 Dynamic Analysis 124 
3.3 Response Spectrum (Seismic) Analysis 125 
3.4 Renection Method for Dynamic Analysis of Grids 126 
0 
CHAPTER 4 RENECTION METHOD FOR DOMES 140 
4.1 Introduction 140 
4.2 Renection of Domes 140 
4.2.1 Local Axes 155 
4.3 Relative Density 166 
4.4 Interpolation 173 
4.5 Material Dilution for Domes 178 
4.6 Diluted Members for Domes 181 
4.7 Presentation of Examples 193 
4.8 Discussion 209 
CHAPTER 5 DYNAMIC BEHAVIOUR OF DOMES 211 
5.1 Introduction 211 
5.2 Dynamic Analysis 211 
6 
5.3 Response Spectrum (Seismic) Analysis 211 
5.4 Renection Method for Dynamic Analysis of Domes 212 
CHAPTER 6 CONCLUSIONS 234 
6.1 Introduction 234 
6.2 Grids 234 
6.3 Domes 237 
6.4 Suggestions for Future Work 237 
6.5 References 238 
7 
CHAPTER ONE 
INTRODUCTION 
Space structures are suitable for covering large unobstructed areas. Typical applications 
of these structures include sports stadia, maintenance hangars, industrial buildings and 
exhibition halls. In the past the behaviour of space structures was difficult to assess by 
the traditional methods of calculation mainly because of the large amount of 
computation. Now, by using the computer it has been possible to analyse the structures 
and calculate the forces and displacements in all the members in a convenient manner. 
The main objective of this work is to establish a method for prediction of the behaviour 
of a space structure from the knowledge of the behaviour of a structure that has all the 
features of the original structure but has a different density of pattern (different number 
of nodes and elements). This is of considerable value for the designers of space 
structures since during the stage of the conceptual design of a space structure it is 
helpful to have a means for estimating the effects of changes in the density of the 
configuration on the behaviour of the structure. 
Another application of the proposed method is in the experimental analysis of dense 
space structures. To elaborate, the physical model of a structure may be constructed 
such that it simulates the basic features of the structure as closely as possible but has 
fewer members and nodes compared to the actual structure. The results of the 
experimental analysis may then be interpreted in terms of the actual structure using the 
technique described in this work. 
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In the past when complex space structures such as grids and domes were required to be 
analysed, it was normal to consider an approximate method for the analysis. The most 
common approximate method used was the plate or shell analogy Ref [10]. Ideas similar 
to the approach adopted in this thesis have also been used before in relation to double 
layer grids and barrel vaults, Refs [5], [6], [7]. The method as developed in the present 
work, however, represents major improvements over the previous formulations and 
extends the idea in relation to the dynamic behaviour. 
The main objective of this thesis is first to develop a foundation for the present method 
and then to investigate the limitations of its application in different circumstances. For 
this purpose, various examples have been analysed using the proposed method and the 
results are compared with the exact solutions. 
In order to obtain the exact results, it was necessary to carry out a large number of 
analyses of space structures. To do this, first it was important to adopt a suitable 
approach for data preparation. One of the main problems in the analysis of space 
structures is the large amount of data required for the analysis. Here, the concepts of 
formex algebra have been used for data generation. Formex algebra is a mathematical 
system that provides a convenient medium for configuration processing. The rudiments 
of the algebra were evolved in the early seventies. These embryonic ideas were 
published in a paper in 1975, Ref [1]. A detailed description of the concepts is given in 
a textbook which was published in 1984, Ref [2]. An informal description of the basic 
principles of formex algebra is given in Ref [3]. 
The concepts of formex algebra are normally used in conjunction with a suitable 
computer software. In particular, there is an interactive programming language called 
"Formian" which provides a convenient basis for configuration processing, Ref [4]. 
Structural analysis has been carried out using SAP90 software which utilises a finite 
element approach to perform analysis. 
The next step was the establishment of a suitable technique for the representation of the 
output. Graphical output has been proved to be more convenient in comparison with 
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printed output. Hence, a program was written in the C language that can utilise the 
results of the analysis and create graphic output. 
The fundamental concepts for the prediction of the behaviour of single layer grids are 
discussed in Chapter 2. The approach presented here is based on transforming a dense 
grid into a similar grid with fewer members and nodes. The response of the actual grid 
can then be predicted through the solution of the reduced grid under similar loading, 
support and boundary conditions. This chapter also contains some details of the 
numerical studies. 
The extension of the application of the method for dynamic loading is presented in 
Chapter 3. The primary purpose of this chapter is to predict the forces and 
displacements of a grid when it is subjected to an earthquake motion. 
The extension of application of the proposed method to domes is presented in Chapter 
4. This chapter provides an introduction to the application of the method for predicting 
the behaviour of domes and contains some of the results of the numerical studies 
carried out for this purpose. 
Finally, the application of the present method to domes when they are subjected to an 
earthquake motion is presented in Chapter 5. The main objective of this chapter is to 
predict of the forces and displacements of domes. 
I 
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CHAPTER TWO 
RENECTION METHOD FOR GRIDS 
2.1 INTRODUCTION 
The main objective of this chapter is to establish a method to predict the behaviour of a 
grid from the knowledge of the behaviour of a grid that has all the features of the 
original grid but has a different density of pattern. The approach presented here is based 
on transforming a dense grid into a similar grid with fewer members and nodes. The 
response of the actual grid can then be predicted through the solution of the reduced 
grid under similar loading, support and boundary conditions. 
Various examples are considered with different loading types and support conditions. 
Members are assumed to be rigidly-connected and to carry bending moment, shear 
force and torque. 
2.2 THE BASIC IDEA 
Consider a dense single layer grid as shown at the top of Fig. 2.1. This grid is denoted 
by A with its boundary lines forming a square. The members consist of two families of 
equally spaced parallel beams that intersects each other orthogonally. The members are 
assumed to have the same geometric and material properties. The grid is simply 
supported all around the boundary nodes and equal vertical concentrated loads are 
applied to all the non-boundary nodes. Now, let the grid B shown in Fig. 2.1 be 
obtained from grid A by removing one out of every two member lines in each direction. 
Grid B is assumed to be loaded and supported in the same fashion as in grid A with the 
same magnitude of total load. This reduced grid has the same interconnection pattern, 
overall dimensions, member cross-sections and materials as in grid A and is called a 
"renecture" of grid A. 
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It should be noted that in the present context the term `simply supported grid' is used 
for a grid that is supported along its boundary joints and these joints have only one 
rotational degree of freedom about the boundary lines. Also, the term `column support' 
is used for a support that has two rotational degrees of freedom about axes in the plane 
of the grid. 
Referring to grid A and B in Fig 2.1, one may argue that the general manner of 
behaviour of grids A and B must be very similar. That is, the bending moments, shear 
forces, torques, rotations and deflections must have the same manner of distribution in 
the two grids. The argument is based on the fact that the grids have similar patterns, 
member properties, boundary shapes, support arrangements and loading conditions, and 
therefore, one could expect that they behave in a similar manner. 
In order to illustrate the similarity of the behaviour of a grid and its renecture, consider 
grids A and B shown in Fig. 2.1. assuming the torsional effects are negligible, the 
components of bending moment, shear force and displacement at any point could be 
obtained as follows: 
M=CIWL, 
S=C2W, 
and U= C3 WL3 / EI 
Where M, S and U are bending moment, shear force and displacement, respectively, 
and C1, C2 and C3 are coefficients. In order to obtain the magnitude of the bending 
moment, shear force and displacement, the value of joint load (W) and the length of a 
member (L) in grid A are assumed to be equal to one. Since, the numbers of joint loads 
in grids A and B are 1225 and 289, respectively, and the value of a joint load in grid A 
is W, therefore, the value for a joint load in grid B is given as: 
1225 
Joint load = 289 
W=4.23W 
A member length L in grid B will be equal to 2L. 
In order to obtain the real values of the bending moments, shear forces and 
displacements, the coefficients should be multiplied by WL, W and WL3 /EI, 
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respectively. The modulus of elasticity (E) and the second moment of area (I) in both 
grids are the same and are assumed to be equal to one. 
The actual analysis of grids A and B reveals that the expectation regarding the 
similarity of behaviour is well justified. Fig. 2.2 to Fig. 2.4 represent the bending 
moments, shear forces and deflections at the midpoints of the members. Each of these 
figures contains two plots with the top one being for grid A and the bottom one being 
for grid B. Due to symmetry the results of the analysis are only shown for 1/4 of the 
grid. Further details about the figures are given below: - 
1. The shear force, torque or bending moment at the midpoint of a member are 
represented by a rectangle whose longitudinal axis coincides with the member line, 
and the width varies with respect to the magnitude of shear force, torque or bending 
moment, as appropriate. In addition, the ratio of shear force, bending moment and 
torque to the maximum of the corresponding component is written over the 
rectangle. The absolute value of the forces at a midpoint of a member can be 
obtained using the factors given below each figure and the numbers written on each 
member. 
2. The deflection at each joint of the grid is represented by a circle whose diameter 
varies with respect to the magnitude of the deflection. Here also, the ratio of each 
deflection to the maximum deflection is written over the circle and the absolute 
value of the deflection at a joint can be obtained using the factors given below each 
figure and the numbers written on each circle. 
The effect is that the maximum component in every diagram is denoted by 1000 and 
any other component in the diagram is denoted by a number that is the `permillage' of 
the maximum component. Also, to obtain the actual value of any component, the 
corresponding number must be multiplied by the `factor' given below the diagram. This 
manner of presentation of the analytical results is very convenient since every 
component is given relative to the corresponding maximum component. 
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The bending moment, shear force and deflection diagrams for grid B will turn out to 
resemble the corresponding diagrams for grid A closely. On examination it is found that 
these diagrams for grid B are almost like scaled versions of the corresponding diagrams 
for grid A, with the scaling factor being about two throughout. This does makes sense, 
because it is reasonable to expect that if the material that resist the external actions is 
halved, then the intensities of the internal actions will be doubled. 
To confirm the reliability of the suggested relation between the grids, consider member 
lines AB in grid A shown in Fig. 2.1. The position of this member line in the plan view 
of grid B is denoted by ArBr. Member line AB is chosen because the maximum values 
of bending moment, shear force and deflection in the structure are on this member line. 
In the actual analysis of grids A and B, the values of bending moments, shear forces and 
deflections for mid-points of the members along member lines AB and ArBr have been 
plotted in Figs. 2.5 to 2.7. Each figure contains two curves, one for member line AB in 
grid A and the other one for the member line ArBr in grid B. A closer study of Figs. 2.5 
to 2.7 reveals that the curve for the member line in grid B is almost like a scaled version 
of the corresponding curve for the member line in grid A, with the scale factor being 
about two. 
Therefore, it seems that it is possible to predict the bending moment, shear force, torque 
and deflection at any point of grid A from the information about those for grid B and 
information about the amount of structural material forming the bodies of grids A and 
B. The problem would then be to find ways of determining the amounts of material in 
grids A and B. The relative amount of material is the ratio of the total amount of 
material in a renecture of a grid to the amount of material in the grid itself. 
Regarding grids A and B shown in Fig. 2.1, it may be stated that the number of member 
lines of grid A becomes twice that of grid B as the number of divisions in grid A 
increases indefinitely. To illustrate this, suppose that na and nb are the number of 
divisions in each direction in grids A and B, respectively. Also, let the number of 
member lines in both directions in grids A and B be denoted by ma and mb, respectively. 
These can be described in terms of the number of divisions as follows: 
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The term `relative density' is used to refer to the ratio of the total material in a renecture 
of a grid to that of the grid itself. Because a renecture has the same member cross- 
section properties as the original grid, therefore, the relative density is equal to the total 
member length ratio. In the case of grids A and B in Fig. 2.1, it has been shown that the 
number of member lines of grid A becomes twice that of grid B as the number of 
divisions in grid A increases indefinitely. So the material forming the body of grid A is 
approximately twice that of grid B. Under these conditions, grids A and B have similar 
patterns of behaviour and the ratios of the forces and displacements at a chosen point of 
grid A and those at the corresponding point in grid B may be related as follows: 
MA=(1/2)MB, SA=(1/2)SB, TA'--(1/2)TB (2.7) 
and 
DA= (1/2) DB (2.8) 
where MA, SA, TA, and DA are the components of bending moment, shear force, torque 
and deflection at a chosen point in grid A and MB, SB, TB and DB are those at the 
corresponding point of grid B. 
The actual analysis of grids A and B and the results of comparison of bending 
moments, shear forces, and deflections for five of the highest values of the components 
for grids A and B are given in Table 2.2. These results confirm the reliability of the 
suggested relation between the grids. 
Table 2.1 contains information used in the analysis of the structure and its renecture. 
This information consists of the number of joints, number of members, load 
magnitudes, Young's modulus, relative density and cross-sectional particulars. 
Table 2.2 gives the results of the comparison of bending moments, shear forces and 
deflections for the five highest values of the components. The values in the second and 
third columns represent the coordinates of the points at which the components of 
bending moment, shear force and deflection are considered. X and Y coordinates for all 
the grids assumed to be same as Fig. 2.1. A value in the fourth column represents the 
permillage of the bending moment, shear force or deflection at a point of the structure 
with respect to the corresponding maximum in the structure. A value in the fifth column 
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represents the estimated ratio of a component at a point of the structure to that of its 
renecture (relative density). A value in the sixth column represents the actual ratio of a 
component at a point of the structure to that of a renecture of it and it have been 
obtained from analytical results. 
Number 
of Joints 
Number of 
Members 
Load Module of 
Elasticity 
Relative 
Density 
Section 
Particulars 
Structure 1369 2664 1 1 
- 
I=1 
Renecture 361 684 4.23 1 0.500 1=1 
Table 2.1 
Coordinates of Points PWRT Esti- Actual Percen- 
Structure mated Ratio tage 
X y Ratio Error 
18.00 17.50 1000 0.500 0.475 5.3 
Bending 17.50 17.00 996 0.500 0.477 4.8 
Moment 18.00 16.50 995 0.500 0.473 5.7 
17.00 16.50 991 0.500 0.476 5.0 
18.00 15.50 985 0.500 0.476 5.0 
18.00 0.50 1000 0.500 0.495 3.0 
Shear 17.00 0.50 998 0.500 0.500 0.2 
Force 16.00 0.50 989 0.500 0.495 1.0 
15.00 0.50 976 0.500 0.501 1.8 
1.00 0.50 985 0.500 0.496 0.8 
18.00 18.00 1000 0.500 0.474 5.6 
17.00 18.00 996 0.500 0.477 4.8 
Deflection 17.00 17.00 993 0.500 0.479 4.3 
16.00 18.00 985 0.500 0.473 5.3 
16.00 17.00 982 0.500 0.480 4.3 
PWRT stands for `permillage with respect to'. 
Table 2.2 
The last column lists the percentage errors for various components. The factors 
influencing the magnitudes of the errors include: 
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" the pattern and the density of the structure, 
" support conditions, 
" loading system and 
" relative density. 
The errors shown in the last column of Table 2.2 are for a particular example but the 
general question of the level of errors in various circumstances will be discussed in 
different points of the discourse later. 
Now, consider grid C which is also obtained from grid A, this time by removing two 
out of every three non-boundary member lines in each direction, as shown in Fig. 2.1. 
The members of grid C have the same cross-section and material properties as grid A. 
Also, grid C is loaded and supported in the same manner as grid A with the magnitude 
of the total load over the grids being equal. In a similar manner as described for grid B, 
the density of grid C will become infinite as the density of grid A becomes infinite. The 
number of member lines in grid C is about one third of that of grid A in each direction 
and thus the amount of material in grid A is about three times that of grid C. As it was 
described for grid B, because the material forming the body of grid C is a third of that 
for grid A, the bending moment, shear force, torque and deflection at a chosen point of 
grid C is about three times that at a corresponding point in grid A. that is, . 
MAý(1/3) Mc, SA=(1/3) Sc, TA=(1/3) TC (2.9) 
and DA = (1/3) Dc (2.10) 
where MA, SA, TA, and DA are the components of bending moment, shear force, torque 
and deflection at a chosen point in grid A and Mc, SC, Tc and Dc are those at the 
corresponding point in grid C. 
In the same fashion as grids B and C were derived from grid A, other grids having 
different relative densities can be obtained from grid A. The relationships between the 
behaviours of grid A and any of these grids may be described by relations similar to 
Eqs. 2.7 and 2.8. These Equations are in general of the form: 
MA =fX MR, SA =f x SR, TA =f x TR (2.11) 
and DA =fx DR (2.12) 
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where MA, SA, TA, and DA are the components of bending moment, shear force, torque 
and deflection at a chosen point in grid A and MR, SR, TR and DR are those at the 
corresponding point in a renecture of grid A. Also, f is the relative density. Therefore, it 
seems that it is possible to predict the bending moment, shear force, torque or deflection 
of a grid from those of a renecture of it by simple scaling, with the scale factor being 
the ratio of the amounts of material forming the bodies of the grid and its renecture. 
Equations 2.11 and 2.12 are exact when grid A is infinitely dense. In practice, however, 
a grid has a finite density and therefore, relations 2.11 and 2.12 apply only 
approximately. In spite of this, for convenience, relations of the type shown in 2.11 and 
2.12 will henceforth be written as equalities. 
A grid may have a number of different renectures with different densities. For example, 
grids B and C shown in Fig 2.1 are two chosen renectures amongst many possible 
renectures of grid A. As with grid B, grid C in Fig. 2.1 can also be employed to 
approximate the behaviour of grid A using Eqs. 2.11 and 2.12. However, grid B will 
give a better approximation for the behaviour of grid A since its density of pattern is 
nearer to grid A as compared with that of grid C. In other words, grid B has a higher 
relative density than grid C. Grids B and C are not the only renectures of grid A. Indeed, 
any grid whose interconnection pattern, overall dimensions, load and support conditions 
are the same as those of grid A may be regarded as a renecture of grid A. A more 
general approach for obtaining a renecture of a grid will be discussed in the sequel. 
The method which makes use of the information about the behaviour of a renecture of a 
given grid for predicting the response of the grid is itself referred to as the `renection 
method'. In what follows, the reliability of the renection method for different types of 
grids is examined in terms of various examples for single layer grids. As will be seen 
later, the results of these examples clearly show that the behaviour of a dense grid can 
be predicted approximately through the behaviour of a renecture of that grid with the 
degree of approximation lying within a range acceptable for design purpose. However, 
it will be seen from these examples that the density reduction cannot be continued 
indefinitely. There is a density for any given grid below which errors become 
unacceptable. 
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So far, the application of the renection method has been demonstrated in terms of 
simple grids with orthogonal members parallel to the boundary lines. Now, consider a 
dense diagonal grid denoted by D, as shown in Fig. 2.8. The boundary lines of grid D 
form a square. The members of the grid are equally spaced in the diagonal directions 
and are of the same cross-sectional and material properties. 
Suppose that grid Dr is obtained from grid D as shown in Fig. 2.8. Every three member 
lines in grid D are replaced by two member lines in grid Dr in both diagonal directions. 
Therefore, the density of the diagonal members is reduced by 2/3 = 0.67. The resulting 
grid whose overall dimensions are the same as those of grid D is shown in Fig. 2.8. 
Grids D and Dr are simply supported all around the boundary nodes and are loaded at 
all non-boundary nodes with the magnitude of the total load being the same for both 
grids. An implication of the support conditions for grids D and Dr is that the boundary 
elements remain inactive in both grids. 
As it was discussed for grids A and B of Fig. 2.1, the torsional rigidity of the members 
is assumed to be negligible in both grids D and Dr. Therefore, the value of the bending 
moment, shear force and displacement at any point can be obtained as follows: 
M=C1WL, S=C2W and U=C3WL3/EI 
Since the numbers of the loaded joints in grids D and Dr are 1105 and 481, 
respectively, and the value of the joint load in grid D is W, therefore, the value of the 
joint load in grid Dr is given as: 
1105 
Joint load = 481 
W=2.297W 
The actual analysis of grids D and Dr and the results of the comparison of bending 
moments, shear forces, and deflections for the five highest values of the component are 
given in Table 2.4. These results confirm the reliability of the suggested relation 
between grids D and Dr. Table 2.3 contains some basic items of information relating to 
grid D and its renecture. 
Figs. 2.9,2.10 and 2.11 represent the bending moment, shear force and deflection at the 
midpoints of the members. Each of these figures contains two plots with the top one 
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being for grid D and the bottom one being for grid Dr. Due to symmetry the results of 
the analysis are only shown for 1/4 of the grid. 
Number 
of Joints 
Number of 
Members 
Load Module of 
Elasticity 
Relative 
Density 
Section 
Particulars 
Structure 1201 2400 1 1 
_ 
I =1 
Renecture 545 1088 2.29 1 0.670 I =1 
Table 2.3 
PWRT Esti- Actual Percen- 
Coordinates of points Structure mated Ratio tage 
X Y Ratio Error 
0.75 0.25 1000 0.670 0.689 2.7 
Bending 1.25 0.75 998 0.670 0.688 2.6 
Moment 1.75 1.25 993 0.670 0.687 2.4 
2.25 1.75 985 0.670 0.687 2.4 
2.75 2.25 975 0.670 0.684 2.0 
11.25 0.25 1000 0.670 0.700 4.2 
Shear 10.25 0.25 997 0.670 0.701 4.4 
Force 10.75 0.25 991 0.670 0.710 5.6 
9.25 0.25 988 0.670 0.690 2.8 
9.75 0.25 977 0.670 0.706 5.0 
12.00 12.00 1000 0.670 0.681 1.6 
11.50 11.50 996 0.670 0.684 2.0 
Deflection 11.00 12.00 993 0.670 0.685 2.1 
11.00 11.00 985 0.670 0.683 1.9 
10.50 11.50 981 0.670 0.683 1.9 
PWRT stands for `permillage with respect to'. 
Table 2.4 
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Fig. 2.9 
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2.3 RELATIVE DENSITY 
As it was described before in section 2.2, the relative density is the ratio of the total 
amount of material of a renecture of a structure to that of the structure itself. That is, 
_ 
amount of material in renecture 
amount of material in structure 
Where, f is referred to as the `density factor' or `relative density'. 
The relative density can be obtained by direct calculation or another approach as will be 
described in the sequel. A renecture obtained in the manner described earlier has the 
same member cross-sectional properties as the original grid. Therefore, the relative 
density is equal to the ratio of the total member lengths of a renecture of a grid to that of 
the grid itself. That is, 
B, x L, 
BxL 
where 
"B is the number of beam elements in the structure, 
" Br is the number of beam elements in the renecture, 
"L is the length of a beam element in the structure and 
" L, is the length of a beam element in the renecture. 
(2.13) 
For example, the relative density of grid B with respect to grid A in Fig. 2.1 is obtained 
as follows: 
B, x4 
= 
684x2 
BxL 2664 =0.513 
Considering that the number of beam elements in grids A and B are equal to 2664 and 
684, respectively, the factor 2 in the above relation reflects the fact that the length of a 
beam element in grid B is two times that in grid A. 
Now, let n be the number of divisions along one edge of a grid similar to that shown as 
grid A in Fig. 2.1 and let nr be that of the renecture (that is, a grid similar to B in 
Fig. 2.1). Then 
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B=2xnx(n+1) 
Also, 
(2.14-a) 
L= 
H 
(2.14-b) 
n 
B, =2 X n, X (n, + 1) (2.14-C) 
L, =H (2.14-d) 
n, 
Where H is the length of a side of the grid as shown in Fig. 2.1. 
From Equations 2.13 and 2.14 
2xn, x(n, +1)xnxH 
_ 
(n, +1) 
2xnx(n+1)xn, xH (n+1) 
(2.15) 
It may be concluded that when n is large then 
f= n' (2.16) 
n 
The actual relative density for several structures and their renectures is compared with 
the amounts obtained from relation 2.16 and the results are shown in Table 2.5. 
n nr f nr /n Percentage 
Error 
20 10 0.524 0.500 4.39 % 
40 20 0.512 0.500 2.34 % 
60 30 0.508 0.500 1.57 % 
100 50 0.504 0.500 0.79 % 
100 60 0.603 0.600 0.49% 
100 80 0.801 0.800 0.1 % 
Table 2.5 
It can be seen that as the number of divisions increases, the percentage error decreases. 
Also, when the number of divisions in a structure and its renecture converge the 
percentage error decreases. The percentage error in this case is given by 
((f-n/n ) /f) x 100 
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A convenient quantitative measure of relative density can be provided through the 
number of nodes. The ratio of the number of nodes in a grid to that in a renecture of it is 
referred to as the `node number ratio'. For example, reconsidering a grid similar to that 
shown as A in Fig. 2.1 and a renecture of the grid similar to that shown as B in Fig. 2.1, 
let N be number of nodes in grid A and N, be the number of nodes in grid B. Assuming 
that the number of divisions along a member line in grid A is equal to n, the number of 
nodes along the member line is equal to (n+1), hence 
or 
Similarly 
and 
N= (n+1)(n+1) (2.17) 
N= (n+1)2 (2.18) 
Nr = (nr+1)2 (2.19) 
N, 
_ 
(n,. +1)2 
N (n+ 1)2 (2.20) 
This implies that when n is large then 
n, i 
N= n2 
(2.21) 
Substituting Equation 2.16 into Equation 2.21 gives 
or 
Ný f2 (2.22) 
fF (2.23) 
To investigate the degree of approximation in the above relation, the actual relative 
density for several structures and their renectures are compared with the corresponding 
relative density that is obtained from Equation 2.23 and the results are shown in Table 
2.6. It can be seen from the table that the actual relative density f is almost the same as 
the square root of the node number ratio( N, /N). 
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n n, f N/ N Percentage 
Error 
20 10 0.524 0.523 0.1 % 
40 20 0.512 0.512 0.0% 
60 30 0.508 0.508 0.0 % 
100 50 0.504 0.504 0.0 % 
100 60 0.603 0.603 0.0% 
100 80 0.801 0.801 0.0% 
Table 2.6 
The percentage error in this case is given by ((f- N, / N) / ßx 100. The relative 
density obtained from the ratio of the number of divisions (n/n) and the square root of 
the ratio of the number of nodes (J-, -IN ) for grids A and B in Fig. 2.1 are calculated 
bellow and the results are compared with the actual relative density f. 
9 The square root of the ratio of number of nodes: 
fN-, [35-7 
N 365 =0.51 
This value is exactly the same as the actual relative density f=0.51. 
9 The ratio of the number of divisions (n, ln): 
n` 
= 
18 
=0S 
n 36 
The error involved as compared with the actual f=0.51 is 1.9% error. 
So far, the application of the node number ratio and the ratio of number of divisions has 
been demonstrated in terms of simple grids with orthogonal member lines. Now, 
consider grid D and Dr shown in Fig. 2.8. As it was discussed before every three 
diagonal members in grid D are replaced by two diagonal members in grid Dr. Consider 
a typical diagonal and boundary beam elements in the left bottom corner of grids D and 
Dr as shown in Fig 2.12. Let Ld and Ld,. be the lengths of typical diagonal beam 
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elements in grids D and Dr, respectively. Also let Lb and Lb, be the lengths of the 
boundary beam elements in grids D and Dr, respectively. 
Y 
7 
Lbr 
Lb 
A typical beam element of 
grid D 
Fig 2.12 
X 
Now, Consider a general form of grids D and Dr where the number of divisions along 
one edge of grid D is given by n and that for grid Dr is given by n,. The total length of 
the elements in grid D is given by 
BdLd +BbLb = (4xnxn)x Ld +4xnx Lb 
where 
" Bd is the number of diagonal beam elements in the structure, 
" Bb is the number of boundary beam elements in the structure, 
" Ld is the length of a diagonal beam element in the structure and 
" Lb is the length of a boundary beam element in the structure. 
We have 
Ln 
A typical beam element of grid Dr 
(2.24-a) 
(2.24-b) 
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Lb 
Lbr 
and 
Ld =4=H (2.24-c) 
nF2 
where H is the length of each side of the structure. 
Similarly, the total length of the elements in grid Dr is given by 
(4xn, xn, )xLd, +4xn, xLbr (2.24-d) 
where 
H 
Ibr =n (2.24-e) 
r 
and 
Lb, H 
Ld' 
n 
(2.24-f) 
-12 
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From Equations 2.13 and 2.24 
H 
4xn, 2xn 
ý+4xn, 
xn 
n, +, 12- f=_ (2.25) 
ný 
4xn2 x +4xnx 
n 
n+ 
Therefore, when n is large 
f n' (2.26) 
n 
To obtain the node number ratio, again consider the general forms of grids D and Dr. If 
N is the number of nodes in grid D and Nr is the number of nodes in grid Dr then 
N= (n + 1)(n + 1) +nxn (2.27) 
and 
Nr = (n, + 1)(nr + 1) + n, x n, (2.28) 
or 
N, 
- 
(n, +1)2 +n, 2 2 29 
N (n+1)2 +n2 
) 
If n and n, are large one can write 
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Nr (nr)2 +n, 2 
N (n)2 +n2 
or 
2 
nr :2 
N_ n2 
or 
N 
fýN 
(2.30) 
(2.31) 
(2.32) 
The actual relative densities for several diagonal grids and their renectures are 
compared with the relative densities that are obtained from Equation 2.32 and also from 
the ratio of number of divisions (Equation 2.26) in Table 2.7. 
n n, f n, /n N, / N Percentage 
Error 1 
Percentage 
Error 2 
20 10 0.533 0.500 0.512 6.19% 2.25% 
40 20 0.517 0.500 0.506 3.28% 2.12% 
60 30 0.511 0.500 0.504 2.15% 1.36% 
100 50 0.506 0.500 0.502 1.18% 0.79% 
100 60 0.605 0.600 0.602 0.82% 0.49% 
100 80 0.802 0.800 0.801 0.24% 0.12% 
Table 2.7 
The sixth column in Table 2.7 represents the percentage errors in predicting the relative 
densities using the ratio of the number of divisions. This percentage error is given by 
((f-n, /n ) /J) x 100. The seventh column represents the percentage errors in predicting 
the relative densities using the square root of node number ratio. This percentage error 
is given by ((f- N, /N) /J) x 100. Comparison of the values in columns six and seven 
reveals that the node number ratio gives a better approximation for the relative density. 
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2.4 MATERIAL DILUTION 
As the next example consider the grid whose plan view is shown in Fig 2.13 and is 
denoted by E. The plan view of a renecture of grid E is also shown in Fig. 2.13 and is 
denoted by Er. Grids E and Er are the same as grids D and Dr of Fig. 2.8, but their 
boundary members and their support conditions are different. The diagonal elements of 
grids E and Er are assumed to have the same cross-sectional and material properties. 
Grids E and Er are column supported at the indicated boundary nodes. All the boundary 
members are assumed to have the same cross-sectional and material properties but their 
cross-sectional particulars are different from those of the diagonal members. The total 
number of nodes in grid E is 1201 and that in grid Er is 545, therefore, the density 
factor is 
N =0.67 
MO 
Every three diagonal member lines in grid E are replaced by two diagonal member lines 
in each direction in grid Er. Therefore, the density of the configuration of the diagonal 
members is reduced by 2/3 = 0.667. This implies a 0.66% reduction in the density of 
diagonal members, which is well estimated by the density factor 0.67. 
However, reduction of the density of the configuration in grid E is not achieved for all 
the members in the grid, because the boundary members have remained unchanged. In 
other words, the material reduction is not uniform over the area covered by the grid. 
This may reduce the similarity of behaviours of the grid and its renecture. To achieve a 
similar degree of density reduction in the boundary elements of grid Er, it is necessary 
to reduce the density of the material in the cross-section of the boundary members by 
the same density factor f=0.67. Thus, the rigidities of a boundary member in grid Er 
should be 0.67 times that of the corresponding rigidities for a boundary member in grid 
E. The relevant rigidities in the case of a grid are the bending rigidity EI and the 
torsional rigidity GJ. 
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Fig. 2.13 
Grid E 
Grid Er 
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__ H __ 
Consider the cross-section of a typical boundary member as shown in Fig. 2.14 (A). 
This cross-section may be considered to consist of a large number of fibers along its 
longitudinal axis which can be imagined as being bars of equal cross-section. The 
cross- sections of these fibers cover the area of the cross-section of the member and the 
term `cross-sectional density' is used to refer to the density of these fibers, that is, the 
number of fibers per a unit area. 
To achieve the correct degree of density reduction for the boundary elements of grid 
Er, it is necessary to reduce the number of fibers in cross-section A using the factor f= 
0.67. The resulting cross-section is denoted by B, as shown in Fig. 2.14. Cross-section 
B has the same dimensions as the cross-section A, and the ratio of cross-section fiber 
density is the same as the ratio of diagonal members configuration density reduction for 
grids E and Er. The application of the cross-section fiber density reduction is referred to 
as `material dilution'. 
Cross-sectio 
boundary me 
of grid E 
AB 
Fig. 2.14 
ss-section of a 
ridary member 
rid Er 
Thus, to achieve a similar degree of dilution in grid E, the boundary members of grid 
Er can be assumed to be made from a hypothetical material that is a "diluted version" of 
the original material. The moduli of elasticity of this "diluted material" are assumed to 
be f times those of the original material. 
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The use of the concept of material dilution is not limited only to the boundary members, 
indeed, whenever the configuration density reduction is not applicable, this approach 
may be employed. Fig. 2.15 shows an example of such a case. The grids of Fig. 2.15 
consist of two types of members. The first type are the boundary members and the 
members that are parallel to the boundaries in each direction and the second type are the 
diagonal members. The density of the configuration of diagonal members of grid F is 
reduced by removing one from every three diagonal member lines in each direction. 
The grid is column supported at the nodes indicated by solid triangles. In this example, 
in addition to the boundary members, material dilution should be applied to the 
members lying along the central lines. A renecture of grid F with f=0.67 is shown in 
Fig. 2.15 and the renecture is denoted by Fr. The rigidity of the boundary and central 
members in grid Fr should be 0.67 times that in grid F. The rest of the members in grid 
Fr have the same cross-sectional properties as the members in grid F. 
A combined use of the configuration density reduction and material dilution in deriving 
a renecture from a given grid would result in a better similarity of behaviours for the 
grid and its renecture. 
2.5 DILUTED MEMBERS 
As it was described above, in order to achieve a similar degree of density reduction in a 
renecture, some member lines may have to be assumed to be made from a hypothetical 
material that is a `diluted version' of the original material. To achieve this, the 
dimensions of the cross-section are left unchanged and the moduli of elasticity are 
assumed to be f times that of the original material. 
Reconsidering the grids F and Fr shown in Fig. 2.15. Suppose that grid F is loaded at all 
non-boundary nodes and is supported at the indicated boundary joints. Member line 
ArBr in grid Fr is a diluted version of member line AB in grid F. The moduli of 
elasticity of the member line ArBr are assumed to be f times those of the member line 
AB. 
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A 
Ar 
m 
Fig. 2.15 
. 
B 
Br 
Grid F 
Grid Fr 
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Now consider member m on memberline AB. The position of this member on the plan 
view of the renecture is indicated by a thick line and is denoted by mr. Members m and 
mr are of exactly the same length and their moduli of elasticity are related as follows: 
Er= fE (2.33) 
and 
Gr = fG (2.34) 
For member m in the local coordinate system, one can write: 
P=K0 (2.35) 
Where 
"K is a square matrix, known as the stiffness matrix of the member, 
"A is the vector of unknowns nodal displacements of the member and 
"P is the vector of applied nodal loads. 
The stiffness matrix K for the member can be written as: 
12EI 6EI 12E1 6E1 
L3 
0 
L2 L3 L2 
GJ GJ 
0 0 0 - 0 L L 
6EI 4E1 ' 6E1 2EI 
L2 
0 
L - L2 
0 L K - 12E1 6EI 12EI 6E1 (2.36) 
L3 
0 
L2 L3 
0 - L2 
GJ GJ 0 - 0 0 0 L L 
6E1 2EI 6EI 4EI 
L2 
0 
L -72- 0 L 
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A beam element in the local coordinate is shown in Fig. 2.16 
Z 
X 
Y 
Fig. 2.16 
Also, for member mr one can write: 
Pr =Kr Or (2.37) 
Where Kr is the stiffness matrix, A, is the vector of unknowns and P, is the vector of 
applied nodal loads for member m,, and where 
Kr = 
12E1 6E1 12EI 6EI 
r 0 0 r 
L3 L2 L3 L2 
GJ GJ 
0 L 0 0 r 0 
L 
6EI 4EI 6EI 2EI 
r 0 r r 0 r 
L2 L L2 L 
12E 1 6E 1 12E 1 6E 1 
r 0 r r 0 r 
L3 L2 L3 L2 
GJ GJ 
0 -L 0 0 
L 0 
6E 1 2E1 6E1 4E1 
r 0 r r 0 r 
L2 L L2 L 
(2.38) 
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Substituting Er =JE and G, =fG in the stiffness matrix K, for member m, gives 
Kr =fK (2.39) 
Using the approximate relations between the nodal displacements of a grid and its 
renecture, as discussed before, one can write 
0rß f10 (2.40) 
Substituting Equations 2.39 and 2.40 in Equation 2.37 gives 
Pr= (fK)(f"1 A)=KA P (2.41) 
Since the components of vectors P and Pr are the bending moment, shear force and 
torque at the ends of members m and mr, it may be concluded that the density factor (f) 
for the bending moment, shear force and torque for a diluted member is approximately 
equal to one. 
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2.6 MEMBERS NEAR A CONCENTRATED LOAD OR A SUPPORT 
Consider grid G in Fig. 2.17 and its renecture which is denoted by Gr. The grid is 
simply supported all around the boundary nodes, and is loaded with a concentrated 
central load as shown in Fig. 2.17. The positions of the concentrated loads for grids G 
and Gr are indicated by small solid circles. Consider two similar portions from grids G 
and Gr having the same positions around the concentrated loads, as indicated by a circle 
in their plan views. These portions are shown enlarged in Fig. 2.18. Sections 1-1 and 2- 
2 are immediately around the concentrated loads in grids G and Gr, respectively. It can 
be seen that the number of members cut by section 1-1 in grid G is the same as that cut 
by section 2-2 in grid Gr. Now suppose these sections gradually move farther away 
from these points, giving rise to such sections as 3-3 and 4-4 in grids G and Gr, 
respectively. When the sections change in such a manner, the ratio of the number of cut 
members by section 4-4 and section 3-3 becomes smaller gradually. 
Now, consider joint I in the center of grid G and the corresponding joint Ir in grid Gr, 
where the concentrated loads are applied. These together with beam elements around 
joints I and Ir are shown in Fig. 2.19. Because the magnitudes of the concentrated loads 
for a grid and its renecture are the same, and the grids have the same configuration 
patterns, one can write: 
W=Wr (2.42) 
then 
V= Vt (2.43) 
where W and Wr are the loads and V and Vr are the shear forces in members around the 
concentrated loads in grids G and Gr, respectively. Therefore, in the case of a single 
concentrated load, the shear forces in members around the concentrated load are the 
same for the grid and its renecture. This implies that the normal relation between the 
shear forces in a grid and its renecture, governed by the factor f, does not apply for 
members around a single concentrated load. 
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_I_ /'1 
Grid Gr 
Fig. 2.17 
Fig. 2.18 
Wr 
" 
Iý 
Vr 
Fig. 2.19 
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This fact has been considered in giving the results of the analyses in the tables, where 
the actual values rather than the estimated values of the shear forces in members around 
a single concentrated load are entered. Results of the actual analysis for grids G and Or 
are presented in Table 2.9. Information used for the analysis is given in Table 2.8. 
As the next example, consider the grid H whose plane view is shown in Fig. 2.20. The 
grid is column supported at the nodes indicated by little solid circles. 
The plan view of a renecture of grid H is also shown in Fig 2.20 and is denoted by Hr. 
The grids H and Hr are assumed to be under uniformly distributed load applied at the 
nodes with the total value of the loads being the same for both grids. In this case the 
support arrangement is the same for the grid and its renecture. However, the 
relationships between the members of the grid and those of its renecture near the 
supports are rather different from those that are at a distance from the supports. 
To elaborate, consider two similar portions from grids H and Hr having the same 
positions with respect to one of the supports. These positions are shown in Fig. 2.21. It 
can be seen that the number of cut members by section 1-1 is the same as that in section 
2-2. Because grids H and Hr have the same interconnection pattern, overall dimensions, 
member cross-sections, load and support conditions with the number of support joints 
being the same for both, the magnitude of the components of reaction at a support in 
grid H are almost the same as those at the corresponding support in grid Hr. 
Now, consider support I in grid H and the corresponding support Ir in grid Hr. The 
vertical reaction at joint I is denoted by Ry and the corresponding component of joint Ir 
is denoted by Rly where Ry = R. These together with a horizontal member are shown 
in Fig. 2.21. 
since 
Ry = Rry (2.44) 
hence 
V= Vr (2.45) 
48 
Where V and Vr are shear forces in the members next to the supports in grids H and Hr, 
respectively. 
Number of 
Joints 
Number of 
Members 
Load Module of 
Elasticity 
Relative 
Density 
Section 
Particulars 
Structure 1089 2112 1 1 
_ 
I=1 
Renecture 625 1200 1 1 0.75 1=1 
Table 2.8 
PWRT Esti- Actual Percen- 
Coordinates of points Structure mated Ratio tage 
X Y Ratio Error 
16.00 15.500 1000 0.75 0.80 6.2 
Bending 15.50 15.00 885 0.75 0.80 6.3 
Moment 15.50 14.00 747 0.75 0.74 1.3 
14.50 14.00 678 0.75 0.78. 3.8 
15.5 13.00 644 0.75 0.74 1.3 
16.00 15.50 1000 1.00 - 0.0 
Shear 15.00 14.50 360 0.75 1.02 25.9 
Force 16.00 14.50 280 0.75 0.68 10.2 
14.00 13.50 200 0.75 0.75 0.0 
19.00 12.50 160 0.75 0.81 7.4 
16.00 16.00 1000 0.75 0.75 0.0 
15.00 16.00 990 0.75 0.75 0.1 
Deflection 15.00 15.00 981 0.75 0.75 0.1 
14.00 16.00 965 0.75 0.75 0.2 
14.00 15.00 957 0.75 0.75 0.4 
PWRT stands for `permillage with respect to'. 
Table 2.9 
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Therefore, similar to the case of a single concentrated load, the shear force in a member 
next to a support is the same in both the grid and its renecture. In such a case the actual 
shear force rather than the estimated value will be considered. Results of the actual 
analysis of grids H and Hr are shown in Table 2.11, with the information for the 
analysis given in Table 2.10. 
Number of 
Joints 
Number of 
Members 
Load Module of 
Elasticity 
Relative 
Density 
Section 
Particulars 
Structure 925 1788 1 1 
_ 
I=1 
Renecture 425 808 2.33 1 0.667 1 =1 
Table 2.10 
PWRT Esti- Actual Percen- 
Coordinates of points Structure mated Ratio tage 
X Y Ratio Error 
17.50 0.00 1000 0.66 0.88 24.2 
Bending 17.50 10.00 638 0.66 0.86. 23.0 
Moment 16.50 0.00 545 0.66 0.68 2.2 
18.50 8.50 470 0.66 0.66 1.0 
18.50 7.50 469 0.66 0.665 0.3 
17.50 0.00 1000 1.00 - 0.0 
Shear 16.50 0.00 607 0.66 0.76 13.9 
Force 18.00 0.50 592 1.00 - 0.0 
15.50 0.00 405 0.66 0.69 3.3 
17.00 0.50 393 0.66 0.90 26.6 
18.00 12.00 1000 0.66 0.66 0.0 
17.00 12.00 998 0.66 0.66 0.2 
Deflection 16.00 12.00 994 0.66 0.66 0.1 
18.00 11.00 993 0.66 0.67 0.6 
17.00 11.00 991 0.66 0.67 0.7 
PWR stands for `permillage with respect to'. 
Table 2.11 
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2.7 INTERPOLATION 
In order to evaluate the accuracy and the limitations of the proposed method, it is 
necessary to obtain values of shear force, bending moment, torque and displacement in 
the actual structure from the results of rencture analysis. Since the densities of the grid 
and its renecture are different, a chosen point in the actual grid does not necessarily 
have a corresponding point in its renecture. 
To elaborate, consider a grid and its renecture shown as grids F and Fr in Fig. 2.22. Let 
I be a typical joint in grid F. The position of I in the plan view of the renecture is 1, and 
is indicated by a little solid circle. Assume that it is required to obtain the deflection of 
I, from the results of the analysis of the renecture. It is obvious that none of the joints in 
the renecture coincide with the point J. Since I, is not a joint of the renecture, a 
required value at this point should be predicted using the corresponding values at the 
joints of the renecture that are immediately around this point. The two nearest joints 
around I, are denoted by 1 and 2, as shown in Fig. 2.22. 
Joints 1 and 2 and point I, all lie on the same member line. Let the value of deflection at 
the two joints 1 and 2 be denoted by d, and d2. Consider two lines perpendicular to 
these members at joints 1 and 2 as shown in Fig. 2.23. The heights shown 'as dl and d2 
are the deflections at joints 1 and 2, respectively. The unknown value of deflection at 
point I, (denoted by dr) can be obtain, using Fig. 2.23 by writing 
a h2 
d, - d2 h, + h2 
since 
dr=d2+a 
then 
dr=d2+(dl-d2) 
h2 
h, +h2 
(2.46) 
(2.47) 
(2.48) 
52 
Grid F 
Fig. 2.22 
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Fig. 2.23 
or 
d, =d2k+ 
z+d'k+1 
(2.49) 
Where hl and h2 are the distances of point I, from joints 1 and 2, respectively. Equation 
2.49 shows that dr can be obtained by using the values of deflections of two nearby 
joints 1 and 2. 
Now, consider another joint denoted by J in grid F, Fig. 2.22. The position of J in the 
plan view of the renecture is denoted by J, in the figure. Let it be required to predict the 
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value of deflection at point Jr. Since there is no joint at the point J, in the renecture and 
that J, is not on a member line, the values of deflection at the three nearest joints (joints 
3,4 and 5 as shown in Fig. 2.22) are considered. These values are denoted by d3, d4 and 
d5. In a manner analogous to that discussed for two-point interpolation, dr can be 
obtained using the deflections of the three nearby joints 3,4 and 5, as follows: 
d =d3 
h4 xh5 
+d4 
h3 xhs 
' h3xh4+h4xh5+h3xh5 h3xh4+h4xh5+h3xhs 
h3 x h4 
(2.50) 
+d5 h3xh4+h4xh5+h3xh5 
Where h3, h4 and h5 are the distances of point J, from joints 3,4 and 5, respectively, as 
shown in Fig. 2.24. 
4 
3 Jr h4 
hs . 
5 
Fig. 2.24 
Now, let m be a typical member in grid K, as shown in Fig. 2.25. The renecture of grid 
K is denoted by Kr and is shown in the figure. Suppose that it is required to predict the 
value of a component of internal forces at a point on member in, where, the term `force' 
is used to include `moment'. In general, internal forces of a member vary along to its 
longitudinal axis. The position of member in on the plan view of its renecture is 
indicated by a thick line and is denoted by mr. If mr is coincident with a member line of 
the renecture, as can be seen in the Fig 2.25. The two members from the renecture that 
are in the same direction and nearest to mr (members d and e) may be chosen to predict 
the value of internal forces for mr. 
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An internal force value at a point on a member line, for example at the midpoint of 
member m,, should be assessed using the corresponding values at the midpoints of the 
members that are nearest to mr and are in the same direction as shown in Fig. 2.26. The 
midpoint of member mr is denoted by mr and the midpoints of members d and e are 
denoted by d and e, respectively. Then a rule similar to the one described for finding 
the deflections before is used to find the values of shear force, torque and bending 
moment at mr by interpolating the values at the nearby points shown in Fig. 2.26. That 
is, using Equation 2.49. 
Now, consider member n in grid K as shown in Fig. 2.25. The position of this member 
on the plane view of the renecture is indicated by a thick line and denoted by n,. Three 
nearest members to nt which are in the same direction are denoted by a, b and c as 
shown in Fig. 2.25. The midpoint of line nr is denoted by n, , and the midpoints of 
members a, b and c (three nearest members to nr that are in the same direction) are 
denoted by a, b and c, respectively. 
Using an approach similar to that for deflections, the components of internal forces can 
be obtained using the three nearest midpoints to n, , these points are shown in Fig. 
2.27. Internal force values at n, obtained in this manner can be compared with the 
corresponding value at the midpoint of member n of the structure. For example, the 
value of torque T, at point n, is obtained as 
hb x hC h,, x hc T' T. 
ha x hb + hb xk+ ha x he 
+ Tb h, x hb + hb xk+ ha x hc 
haxhb 
+ Tý ha x hb +hb xk+ ha xk 
where Ta, Tb and TT are the values of törque at points a, b and c and ha, hb and he are 
the distances of point n, from points a, b and c, respectively, and they are shown in 
Fig. 2.28. 
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Another example of the application of the above technique is shown in Fig. 2.29, where 
member p is chosen from grid L. The position of p in the plan view of the renecture is 
denoted by pr. Three nearest members that are in the same directions are denoted by a, b 
and c. It is seen from Fig. 2.30 that the point p, is outside the area of the triangle that is 
formed by the three midpoints of members a, b and c. The values of the internal forces 
at point p, can be predicted by the same procedure as described before, by 
interpolating the values of the internal forces at points a, b and c using the horizontal 
distances ha, hb and he as shown in Fig. 2.30. It should be noted that the word 
`interpolation' is used to include both interpolation and extrapolation. 
As the next example, member q is chosen from the grid L in Fig. 2.29. The position of q 
in the plan view of the renecture is denoted by qr. Members d and e are the two nearest 
members to qr, and members f and g are at the same distance from qt. These are shown 
in Fig. 2.31. Here one of the members f or g is chosen for predicting the value of forces 
for member q. 
The application of two or three known values for predicting an unknown value, as 
described above, has shown satisfactory results in the examples carried out in this work. 
A computer program has been developed based on the above concept through which the 
analytical results for a structure and its renecture can be compared at all midpoints of 
members. 
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2.8 NUMERICAL STUDIES 
Various examples are selected and analysed in the remaining parts of this chapter. Three 
different types of grids have been chosen. Analyses are performed for different loads and 
boundary conditions. In some examples torsion is assumed to be negligible, load and 
length of a member are assumed to be equal to one. Therefore, bending moment shear 
force and deflection is obtained as factors of the load (W) and the length of a member 
(L) as it was discussed in section 2.2. 
2.8.1 PRESENTATION OF RESULTS 
One of the main considerations in selecting the examples was the fact that the density of 
a grid should be chosen as high as possible. On the other hand, it was most desirable that 
each one of the graphical outputs of a grid should be produced completely on a separate 
sheet. Considering the available graphics devices, the maximum size on which a 
graphical output could be produced was a standard A4 sheet. Therefore, the density of 
the grid in each example has been chosen such that each one of the outputs can be fitted 
on a standard A4 sheet. In most of the cases considered, the grid has two planes of 
symmetry and the results have been presented for 1/4 of the structure only. 
The analytical results for a structure and its renectures can be compared at any point of 
the structure. Each example has been represented with two different tables. 
1. The first table contains information used in the analyses of the structure and its 
renecture(s). 
2. The second table gives the results of comparison of bending moment, shear force, 
torque and deflection. The columns used in this table are as follows: 
" The values in the first three columns are the coordinates of sample points in 
the structure. 
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"A value in the fourth column represents the permillage ( parts of a thousands) 
of bending moment, shear force, torque or deflection at a point of the 
structure with respect to the corresponding maximum of them in the 
structure. 
"A value in the fifth column represents the estimated ratio of the force or 
deflection at a point of a structure to that of a renecture of it, that is, the 
relative density. This ratio for shear force for members near support or a 
point load is equal to one. Also, this ratio for bending moment, shear force 
and torque for diluted members is equal to one. 
"A value in the sixth column represents the actual ratio of the bending moment, 
shear force, torque or deflection at a point of a structure and at that of a 
renecture of it. The values in this column have been obtained using the 
analytical results for the structure and its renecture(s). The interpolation 
technique described in the previous section has been employed to assess the 
values of force or deflection at a point of the renecture which corresponds to 
the given point. 
"A value in the last column represents the percentage error for the estimated 
value of force or deflection at a point of the structure and a renecture of it. 
Five samples are used for comparison of bending moment, shear force, torque and 
deflection in a structure and its renecture. Since the maximum value of bending moment, 
shear force, torque and deflection is important, The three highest values of them and 
two random values for the structure and its renectures are compared. 
To investigate the reason why highest value are chosen for comparison, consider grids A 
and B shown in Fig. 2.1. The values of bending moments for the midpoints of the 
members along member line AB and ArBr have been plotted in Fig. 2.32. Point A shows 
the bending moment at a point on member line AB in the structure, and point Ar shows 
the bending moment at the same point on member line ArBr in the renecture. The 
percentage error can be evaluated as follows: 
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Percentage error = 
M'' -'M`'' x 100 = 
AM" 
x 100 MA MA 
or 
11.70WL-0.5x29.51WL 3.05 3.05 
x 100 = 26.06% Percentage error = 1175E x 
100 = 11.7 
where 
" MA is the value of bending moment at point A, 
" MA, is the value of bending moment at point Ar, 
"f is the density factor and 
" the numbers in the above relation are the values obtained from points A and A, shown 
in Fig. 2.32. 
Now consider points B and Br that are the maximum values of bending moments in the 
structure and its renecture, respectively. The percentage error can be obtained as 
follows: 
Percentage error = 
Ma -'MB ,x 100 = 
AMB 
x 100 MB MB 
or 
99.8WL-0.5x210.19WL 5.29 
x 100 = 5.3 % Percentage error = 99.89E x 
100 = 99.8 
Where 
" MB is the value of bending moment at point B, 
" MB, is the value of bending moment at point Br, 
"f is the density factor and 
" the numbers in the above relation are the values obtained from points B and B, shown 
in Fig. 2.32. 
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Comparison of AMa and AMb, and the percentage error at points A and B reveals that 
it is reasonable to compare high values of bending moment, shear force, torque and 
deflection in a structure and its renecture. 
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2.8.2 LOADING 
The loading for grids in this work is either vertical uniformly distributed loads or a single 
concentrated vertical point load applied to a joint. To study the effect of unsymmetric 
loading, some of the examples have been considered under unsymmetric load. The 
uniformly distributed load is assumed 'to be applied at the joints of a grid as vertical 
equal point loads. To obtain the magnitude of such a point load at a joint, it is assumed 
that each joint is supporting an equal area of the surface of the grid. Such an area for the 
two joints are shown shaded in Fig. 2.33. The total uniformly distributed load applied to 
Bending Moments at Midpoints of the Members Along Line AB 
fi 
r, B ----E] Renecture ./ 
-O Structure 
.. ...... . ......... ........ 
r- 
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a renecture of the structure is equal to that of the structure. Since the number of joints 
of a renecture is less than that of the structure, the magnitude of a point load applied at a 
joint of a renecture is obtained from 
pr=pxj/jr (2.60) 
Where p and pr are the magnitudes of the point loads applied to a joint in the area of the 
applied uniformly distributed load in the structure and the renecture, respectively. Also, j 
and j, are the number of the loaded joints in the structure and its renecture, respectively. 
Another type of external load used in the examples is single point load, for example, one 
concentrated load applied at the central joint of a grid. The position and magnitude of a 
point load in a structure should be kept unchanged for its renecture. However, this is not 
always possible. The reason is that the position of a loaded joint in the structure need 
not necessarily correspond to a joint position in the renecture. In such a case, the 
renecture should be loaded in a manner which is as close to the load conditions in the 
structure as possible, as will be seen in the case of some examples. 
Fig. 2.33 
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2.8.3 PRESENTATION OF EXAMPLES 
A number of examples of grids are given at the end of this chapter. Examples 1 to 4 
have been chosen to study the effects of changes in the density of the structure on the 
" percentage error. These examples show that when the density of a renecture is 
decreased, the percentage error is increased. Five different renectures have been 
considered for each example. These renectures for the first configuration are shown in 
Fig. 2.34. Each example has been represented together with a plan view of the structure 
giving the overall dimensions and positions of supports and loads, number of joints and 
number of members. Examples 5 to 12 are chosen to study the effects of symmetric and 
unsymmetric loads on the percentage errors. Examples 13 and 14 are given to study the 
effects of the positions of the point loads in the renectures. Examples 16 to 19 have been 
chosen to study the reliability of the concept of material dilution, discussed in section 
2.4. Finally, examples 20 to 24 have been chosen to study the reliability of renection 
method for the three-way grids. 
Structure Renecture 1 (f=0.875) 
Fig. 2.34 (continued) 
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Renecture 2 (f=0.750) Renecture 3 (f=0.625) 
Renecture 4 (f=0.500) Renecture 5 (f=0.375) 
Fig. 2.34 
Three different renectures have been considered for examples 4 to 19 with different 
densities. These renectures a diagonal configuration are shown in Fig. 2.35. Finally, 
two different renectures have been considered for examples 20 to 25. The results for 
each example have been presented by a table as discussed before. 
65 
Structure Renecture 1 (f=0.857) 
Renecture 2 (f=0.714) Renecture 3 (f=0.571) 
Fig. 2.35 
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2.8.4 DISCUSSION 
In this chapter the renection method for predicting the behaviour of many types of grids 
have been examined. This technique will enable engineers to have a good means of 
estimating the effects of the changes in the density of configuration on the behaviour of 
grids. Some of the conclusions that may be drawn from the examples in this chapter are 
as follows: 
" The results for distributed and symmetric loads are normally more uniform and 
more precise as compared with the results for single concentrated loads or 
unsymmetric loadings. 
" In general, the errors for members that are around (within two module distance in 
each direction) of a concentrated load or a isolated support are higher than those 
that are at a distance from the support or load. 
" The results for deflection are normally more precise as compared with internal 
forces. 
Other conclusions obtained from the examples are discussed below: 
2.8.4.1 COMPARISON OF EXAMPLES 1,2,3 AND 4 
In order to investigate the effects of changes in the density of the grids, and the effects 
of unsymmetric loading on the percentage error, Examples 1,2,3 and 4 have been 
considered. In these examples, all the grids have the same boundary shape, member 
properties and support conditions. All the joints of the grid in Example 1, One half of 
the joints in Example 2 and a quarter of the joints in example 3 are loaded and the grid 
of Example 4 has a single concentrated load at its centre. Fig. 2.36 shows the 
relationship between density factor and the percentage errors for bending moments for 
grids of Examples 1,2,3 and 4. The values of percentage errors are the average of 
percentage errors for the three highest values of the bending moment. Fig. 2.36 shows 
that: 
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" When the load is applied to the entire grid, 1/2 grid or 1/4 grid, the percentage error 
is rather close. 
" For distributed load, the percentage error is under 6% when the density factor is 0.5. 
9 For concentrated load, the percentage error is 12% when the density factor is 0.5. 
Fig. 2.37 shows the relationship between the density factor and the percentage errors for 
shear forces in the grids of Examples 1,2,3 and 4. This figure shows that: 
9 The accuracy decreases when the loading is applied to the entire grid, 1/2 grid, 1/4 
grid and as a concentrated load, respectively. 
" For distributed loading, when the density factor is 0.5 the percentage error is under 
6%. 
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" For concentrated load the percentage error is high in comparison with the 
distributed load. 
Fig. 2.38 shows the relationship between the density factor and the percentage errors for 
deflections in the grids of Examples 1,2,3 and 4. This figure shows that: 
9 Accuracy decreases when the load is applied to the entire grid, 1/2 grid and 1/4 of 
grid progressively, 
" For distributed load the percentage error is under 8% when the density factor is 0.5. 
" For concentrated load the percentage error is 1.2% when the density factor is 0.50. 
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Example 1: 
Loading: The load is applied at 32 L the nonboundary joints. 
Supports: Simply supported at 
all the boundary joints. 
Number of members: 2112 
Number of joints: 1089 
1-0 
32 L 
Coordinates of points PWRT Esti- Actual Perce- 
Stru. mated Ratio ntage 
X Y Z Ratio Error 
16.00 15.50 0.00 1000 0.875 0.868 0.8 
15.50 15.00 0.00 995 0.875 0.870 0.6 
16.00 14.50 0.00 994 0.875 0.870 0.6 
5.00 16.50 0.00 470 0.875 0.893 2.1 
8.00 4.50 0.00 393 0.875 0.880 0.6 
16.00 0.50 0.00 1000 0.875 0.873 0.3 
15.00 0.50 0.00 997 0.875 0.876 0.1 
14.00 0.50 0.00 987 0.875 0.880 0.6 
1.50 6.00 0.00 571 0.875 0.895 2.2 
10.50 10.00 0.00 211 0.875 0.882 0.8 
° 16.00 16.00 0.00 1000 0.875 0.870 0.6 
"2 15.00 16.00 0.00 995 0.875 0.871 0.5 
15.00 15.00 0.00 991 0.875 0.870 0.5 
22.00 7.00 0.00 541 0.875 0.863 1.4 
A 4.00 19.00 0.00 376 0.875 0.843 3.8 
16.00 15.50 0.00 1000 0.750 0.736 1.8 
15.50 15.00 0.00 995 0.750 0.737 1.7 
5 16.00 14.50 0.00 994 0.750 0.738 1.6 
0 8.00 7.50 0.00 550 0.750 0.729 2.8 
1 128.00 13.50 0.00 376 0.750 0.781 4.0 
C4 16.00 0.50 0.00 1000 0.750 0.747 0.5 
15.00 0.50 0.00 997 0.750 0.761 1.4 
14.00 0.50 0.00 987 0.750 0.762 1.6 
16.00 5.50 0.00 591 0.750 0.744 0.9 
P4 21.00 13.50 0.00 98 0.750 0.772 2.9 
° 16.00 16.00 0.00 1000 0.750 0.735 2.0 2 15.00 16.00 0.00 995 0.750 0.738 1.6 
15.00 15.00 0.00 991 0.750 0.738 1.6 
7.00 22.00 0.00 541 0.750 0.748 0.2 
A 13.00 4.00 0.00 376 0.750 0.703 6.7 
PWRT stands for 'permillage with respect to'. 
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Coordinates of points PWRT Esti- Actual Perce- 
Stru. mated Ratio ntage 
XYZ Ratio Error 
16.00 15.50 0.00 1000 0.625 0.649 3.8 
15.50 15.00 0.00 995 0.625 0.640 2.4 
16.00 14.50 0.00 994 0.625 0.645 3.1 
16.00 4.50 0.00 524 0.625 0.643 2.8 
6.00 3.50 0.00 265 0.625 0.590 6.0 
16.00 0.50 0.00 1000 0.625 0.637 1.9 
15.00 0.50 0.00 997 0.625 0.627 0.4 
14.00 0.50 0.00 987 0.625 0.629 0.6 
N 29.50 6.00 0.00 494 0.625 0.463 35.0 
10.00 11.50 0.00 168 0.625 0.710 12.0 
16.00 16.00 0.00 1000 0.625 0.602 3.8 
15.00 16.00 0.00 995 0.625 0.606 3.2 
15.00 15.00 0.00 991 0.625 0.607 3.0 
0 6.00 17.00 0.00 563 0.625 0.605 3.3 
A 18.00 4.00 0.00 385 0.625 0.633 1.3 
16.00 15.50 0.00 1000 0.500 0.472 6.0 
15.50 15.00 0.00 995 0.500 0.475 5.3 
16.00 14.50 0.00 994 0.500 0.472 6.0 
o 8.50 7.00 0.00 529 0.500 0.487 2.7 
28.00 6.50 0.00 283 0.500 0.475 5.3 
16.00 0.50 0.00 1000 0.500 0.506 1.1 
15.00 0.50 0.00 997 0.500 0.509 1.8 
Cd 14.00 0.50 0.00 987 0.500 0.507 1.3 
26.50 12.00 0.00 543 0.500 0.467 7.0 
11.50 5.00 0.00 84 0.500 0.475 5.2 
ö 16.00 16.00 0.00 1000 0.500 0.470 6.3 
"Z: 15.00 16.00 0.00 995 0.500 0.475 5.3 
15.00 15.00 0.00 991 0.500 0.478 4.6 
5.00 16.00 0.00 482 0.500 0.491 1.9 
17.00 3.00 0.00 297 0.500 0.531 5.8 
16.00 15.50 0.00 1000 0.375 0.343 9.4 
15.50 15.00 0.00 995 0.375 0.343 9.4 
16.00 14.50 0.00 994 0.375 0.358 4.2 
0 26.00 16.50 0.00 554 0.375 0.344 9.1 
6.00 4.50 0.00 319 0.375 0.355 5.7 
16.00 0.50 0.00 1000 0.375 0.367 2.1 
15.00 0.50 0.00 997 0.375 0.382 1 8 
14.00 0.50 0.00 987 0.375 0.371 . 1.1 
5.50 11.00 0.00 518 0.375 0.344 9.1 
20.50 17.00 0.00 216 0.375 0.329 14.1 
ö 16.00 16.00 0.00 1000 0.375 0.339 10.5 
15.00 16.00 0.00 995 0.375 0.343 9.3 
15.00 15.00 0.00 991 0.375 0.343 9.4 
12.00 7.00 0.00 598 0.375 0.331 13.2 
A 4.00 18.00 0.00 385 0.375 0.321 17.0 
PWRT stands for 'permillage with respect to'. 
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.4 
Example 2: 
Loading.: The load is applied at 
joints within the shaded area. 32 L 
Supports: Simply supported at 
all the boundary joints. 
Number of members: 2112 
Number of joints,: 1089 
H- 32L 
Coordinates of points PWRT Esti- Actual Perce- 
Stru mated Ratio nta e . g X y Z Ratio Error 
10.50 14.00 0.00 1000 0.875 0.871 0.4 
11.50 14.00 0.00 996 0.875 0.873 0.3 
9.50 14.00 0.00 988 0.875 0.872 0.3 
o 9.00 9.50 0.00 610 0.875 0.871 0.4 
4.50 2.00 0.00 160 0.875 0.880 0.5 
0.50 16.00 0.00 1000 0.875 0.876 0.1 
0.50 15.00 0.00 997 0.875 0.887 1.4 
0.50 14.00 0.00 989 0.875 0.894 2.1 
19.00 5.50 0.00 331 0.875 0.866 1.1 
1 113.00 11.50 0.00 101 0.875 0.903 3.1 
14.00 16.00 0.00 1000 0.875 0.870 0.6 
13.00 16.00 0.00 995 0.875 0.871 0.5 
15.00 16.00 0.00 994 0.875 0.869 0.7 
14.00 26.00 0.00 570 0.875 0.873 0.2 
A 2.00 8.00 0.00 173 0.875 0.838 4.4 
10.50 16.00 0.00 1000 0.750 0.740 1.4 
11.50 16.00 0.00 996 0.750 0.737 1.8 
10.50 15.00 0.00 996 0.750 0.740 1.3 
o 12.00 10.50 0.00 699 0.750 0.733 2.3 
25.50 17.00 0.00 195 0.750 0.734 2.1 
0.50 16.00 0.00 1000 0.750 0.752 0.3 
0.50 15.00 0.00 997 0.750 0.768 2.4 
Cd 0.50 14.00 0.00 989 0.750 0.771 2.7 
11.00 0.50 0.00 699 0.750 0.774 3.1 
20.50 12.00 0.. 00 325 0.750 0.724 3.6 
14.00 16.00 0.00 1000 0.750 0.735 2.0 
.° 13.00 16.00 0.00 
995 0.750 0.734 2.2 
15.00 16.00 0.00 994 0.750 0.734 2.2 
20.00 10.00 0.00 693 0.750 0.716 4.7 
10.00 30.00 0.00 189 0.750 0.818 8.3 
PWRT stands for 'permillage with respect to'. 
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Coordinates the points PWRT Esti- Actual Perce- 
St d i ru. mate Rat o ntage 
X Y Z Ratio Error 
10.50 16.00 0.00 1000 0.625 0.610 2.4 
11.50 16.00 0.00 996 0.625 0.611 2.2 
10.50 15.00 0.00 996 0.625 0.612 2.2 
12.00 10.50 0.00 699 0.625 0.599 4.4 
27.00 5.50 0.00 160 0.625 0.611 2.3 
0.50 16.00 0.00 1000 0.625 0.629 0.7 
0.50 15.00 0.00 997 0.625 0.648 3.5 
0.50 14.00 0.00 989 0.625 0.645 3.1 
11.00 0.50 0.00 699 0.625 0.630 0.7 
11.00 8.50 0.00 167 0.625 0.600 4.1 
14.00 16.00 0.00 1000 0.625 0.612 2.2 
13.00 16.00 0.00 995 0.625 0.602 3.4 
15.00 16.00 0.00 994 0.625 0.600 3.6 
11.00 8.00 0.00 690 0.625 0.604 3.5 
A 14. UU 3.00 0.00 143 0.625 0.629 0.7 
10.50 16.00 0.00 1000 0.500 0.476 4.9 
11.50 16.00 0.00 996 0.500 0.474 5.4 
10.50 15.00 0.00 996 0.500 0.479 4.4 
9.00 11.50 0.00 629 0.500 0.479 4.4 
16.50 5.00 0.00 352 0.500 0.479 4.4 
0.50 16.00 0.00 1000 0.500 0.522 4.3 
0.50 15.00 0.00 997 0.500 0.525 4.8 
0.50 14.00 0.00 989 0.500 0.523 4.5 
18.00 2.50 0.00 445 0.500 0.463 8.1 
5.50 3.00 0.00 127 0.500 0.482 3.7 
14.00 16.00 0.00 1000 0.500 0.465 7.6 
13.00 16.00 0.00 995 0.500 0.470 6.3 
15.00 16.00 0.00 994 0.500 0.467 7.0 
9.00 9.00 0.00 682 0.500 0.498 0.5 
2.00 6.00 0.00 138 0.500 0.471 6.1 
10.50 16.00 0.00 1000 0.375 0.351 6.9 
11.50 16.00 0.00 996 0.375 0.345 8.6 
10.50 15.00 0.00 996 0.375 0.350 7.0 
8.00 12.50 0.00 590 0.375 0.328 14.4 
28.50 14.50 0.00 255 0.375 0.356 5.5 
0.50 16.00 0.00 1000 0.375 0.384 2.3 
0.50 15.00 0.00 997 0.375 0.402 6.8 
0.50 14.00 0.. 00 989 0.375 0.388 3.3 
14.00 2.50 0.00 510 0.375 0.315 18.9 
25.00 6.50 0.00 193 0.375 0.316 18.7 
14.00 16.00 0.00 1000 0.375 0.337 11.4 
13.00 16.00 0.00 995 0.375 0.336 11.7 
15.00 16.00 0.00 994 0.375 0.337 11.1 
13.00 26.00 0.00 569 0.375 0.343 9.3 
5.00 3.00 0.00 173 0.375 0.340 10.2 
PWRT stands for 'permillage with respect to'. 
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Example 3 
Loading': The load is applied at 
joints within the shaded area. 32L 
Supports: Simply supported at all 
the boundary joints. wi 
Number of members: 2112 "L 
Number of joints: 1089 
: ry 
32 L 
Coordinates of points PWRT Esti- Actual Perce- 
Stru. mated Ratio ntage 
XYZ Ratio Error 
12.00 10.50 0.00 1000 0.875 0.872 0.4 
12.00 9.50 0.00 999 0.875 0.872 0.3 
13.00 10.50 0.00 995 0.875 0.870 0.6 
17.50 14.00 0.00 589 0.875 0.855 2.3 
1 1P. 50 11.00 0.00 474 0.875 0.867 0.9 
11.00 0.50 0.00 1000 0.875 0.893 2.0 
12.00 0.50 0.00 994 0.875 0.895 2.2 
0 
Cd 10.00 0.50 0.00 992 0.875 0.886 1.2 
6.00 1.50 0.00 683 0.875 0.903 3.1 
21.00 0.50 0.00 419 0.875 0.850 3.0 
14.00 14.00 0.00 1000 0.875 0.866 1.0 
13.00 13.00 0.00 1000 0.875 0.869 0.7 
13.00 14.00 0.00 999 0.875 0.868 0.9 
9.00 7.00 0.00 681 0.875 0.868 0 8 
A 3.00 15.00 0.00 351 0.875 0.850 . 3.0 
12.00 10.50 0.00 1000 0.750 0.738 16 . 0 12.00 9.50 0.00 999 0.750 0.739 1 .4 13.00 10.50 0.00 995 0.750 0.738 1.6 
o :ý 21.00 8.50 0.00 593 0.750 0.736 1.9 
1 14.50 1 4.00 0.00 412 0.750 0.691 8.6 
11.00 0.50 0.00 1000 0.750 0.768 2.4 
12.00 0.50 0.00 994 0.750 0.759 1.2 
CIS 10.00 0.50 0.00 992 0.750 0.775 3 2 
16.00 2.50 00 616 0.750 0.722 . 3 8 
21.00 2.50 0.00 395 0.750 0.732 . 2.5 
a 14.00 14.00 0.00 1000 0.750 0.733 2.3 
.9 13.00 13.00 0.00 1000 0.750 0.732 2.5 13.00 14.00 0.00 999 0.750 0.732 2.4 
9.00 20.00 0.00 682 0.750 0.737 1.8 
15.00 4.00 0.00 458 0.750 0.699 7.3 
PWRT stands for 'permillage with respect to'. 
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Coordinates of points PWRT Esti- Actual Perce- 
St t d R i ru. ma e at o ntage 
X Y Z Ratio Error 
12.00 10.50 0.00 1000 0.625 0.608 2.8 
12.00 9.50 0.00 999 0.625 0.613 1.9 
E 13.00 10.50 0.00 995 0.625 0.602 3.8 
o 19.00 7.50 0.00 673 0.625 0.612 2.2 
2.50 12.00 0.00 471 0.625 0.610 2.4 
11.00 0.50 0.00 1000 0.625 0.641 2.5 
12.00 0.50 0.00 994 0.625 0.653 4.3 
cl 10.00 0.50 0.00 992 0.625 0.654 4.4 
15.00 2.50 0.00 648 0.625 0.600 4.1 
1 121.00 1.50 0.00 411 0.625 0.591 5.7 
14.00 14.00 0.00 1000 0.625 0.597 4.8 
13.00 13.00 0.00 1000 0.625 0.597 4.8 
13.00 14.00 0.00 999 0.625 0.596 4.8 
15.00 6.00 0.00 650 0.625 0.598 4.6 
A 8.00 23.00 0.00 484 0.625 0.602 3.8 
12.00 10.50 0.00 1000 0.500 0.475 5.3 
12.00 9.50 0.00 999 0.500 0.478 4.5 
13.00 10.50 0.00 995 0.500 0.475 5.2 
4.50 8.00 0.00 672 0.500 0.476 5.0 
L3.50 4.00 0.00 454 0.500 0.463 8.0 
11.00 0.50 0.00 1000 0.500 0.537 6.8 
12.00 0.50 0.00 994 0.500 0.524 4.5 
10.00 0.50 0.00 992 0.500 0.529 5.5 
4.00 0.50 0.00 645 0.500 0 561 10 9 CIO 19.00 2.50 0.00 495 0.500 . 0.463 . 7.9 
14.00 14.00 0.00 1000 0.500 0.459 8.9 
"ý 13.00 13.00 0.00 1000 0.500 0.469 6.7 
13.00 14.00 0.00 999 0.500 0.464 7.7 
6.00 15.00 0.00 650 0.500 0.490 2.1 
15.00 26.00 0.00 441 0.500 0.433 15.6 
12.00 10.50 0.00 1000 0.375 0.353 6.3 
12.00 9.50 0.00 999 0.375 0.351 6.8 
13.00 10.50 0.00 995 0.375 0.347 8.1 
0 4.50 14.00 0.00 689 0.375 0.364 2.9 
12.50 4.00 0.00 485 0.375 0.366 2.4 
11.00 0.50 0.00 1000 0.375 0.406 7.6 
12.00 0.50 0.00 994 0.375 0.416 9.8 
0 10.00 0.50 0.00 992 0.375 0.407 7.8 4) 
r. 6.00 1.50 0.00 683 0.375 0.380 1.4 
21.00 0.50 0.00 419 0.375 0.335 12.0 
14.00 14.00 0.00 1000 0.375 0.331 13.3 
13.00 13.00 0.00 1000 0.375 0.332 12.9 
13.00 14.00 0.00 999 0.375 0.332 13.0 
12.00 5.00 0.00 575 0.375 0.356 5.2 
6.00 23.00 0.00 385 0.375 0.335 12.1 
PWRT stands for 'permillage with respect to'. 
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Example 4: 
Loading: Point load applied at 32L the indicated joint. 
Supports: Simply supported at all 
the boundary joints. 
Number of members: 2112 
Number of joints: 1089 
ý- 
32 L 
Coordinates the points PWRT Esti- Actual Perce- 
S tru. mated Ratio ntage 
X Y Z Ratio Error 
16.00 15.50 0.00 1000 0.875 0.898 2.6 
15.50 15.00 0.00 885 0.875 0.902 3.0 
5 15.50 14.00 0.00 747 0.875 0.896 2.4 
0 21.00 11.50 0.00 391 0.875 0.886 1.2 
22.00 8.50 0.00 241 0.875 0.884 1.0 
16.00 15.50 0.00 1000 1.000 - 0.0 15.00 14.50 0.00 360 0.875 1.004 12.8 
CIS 16.00 14.50 0.00 280 0.875 0.962 9.0 
N 15.00 14.50 0.00 360 0.875 1.004 12.8 
18.00 12.50 0.00 40 0.875 0.956 7.5 
ö 16.00 16.00 0.00 1000 0.875 0.877 0.2 
15.00 16.00 0.00 990 0.875 0.879 0.5 
15.00 15.00 0.00 981 0.875 0.881 0.6 
17.00 24.00 0.00 637 0.875 0.880 0.5 
IM 14.00 31.00 0.00 83 0.875 0.844 3.7 
16.00 15.50 0.00 1000 0.750 0.807 7.1 
15.50 15.00 0.00 885 0.750 0.806 6.9 
Ei 15.50 14.00 0.00 747 0.750 0.747 0.4 
0 17.50 12.00 0.00 540 0.750 0.751 0.1 
9.50 6.00 0.00 195 0.750 0.708 5.9 
16.00 15.50 0.00 1000 1.000 - 0.0 
15.00 14.50 0.00 360 0.75 1.025 26.0 
16.00 14.50 0.00 280 0.75 0.683 9.8 
16.50 15.00 0.00 360 0.75 0.971 11.9 
11.50 19.00 0.00 120 0.75 0.736 2.0 
16.00 16.00 0.00 1000 0.750 0.751 0.1 
15.00 16.00 0.00 990 0.750 0.755 0.7 
15.00 15.00 0.00 981 0.750 0.757 0 9 
14.00 6.00 0.00 483 0.750 0.725 . 3.4 
2.00 6.00 0.00 94 0.750 0.666 12.7 
PWRT stands for 'permillage with respect to'. 
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Coordinates of points PWRT Esti- Actual Perce- 
Stru. mated Ratio ntage 
XYZ Ratio Error 
16.00 15.50 0.00 1000 0.625 0.716 12.7 
15.50 15.00 0.00 885 0.625 0.694 10.0 
15.50 14.00 0.00 747 0.625 0.623 0.4 
. 11.00 16.50 0.00 506 0.625 0.625 0.0 
18.50 4.00 0.00 161 0.625 0.612 2.2 
16.00 15.50 0.00 1000 1.000 - 0.0 
15.00 14.50 0.00 360 0.625 0.689 9 3 
16.00 14.50 0.00 280 0.625 0.435 . 43.4 
14.50 17.00 0.00 360 0.625 0.697 10.2 
94 14.00 11.50 0.00 120 0.625 0.649 3.1 
ö 16.00 16.00 0.00 1000 0.625 0.626 0.2 
15.00 16.00 0.00 990 0.625 0.632 1.1 
15.00 15.00 0.00 981 0.625 0.635 1.6 
12.00 27.00 0.00 383 0.625 0.628 0.4 
A 2.00 9.00 0.00 131 0.625 0.660 5.3 
16.00 15.50 0.00 1000 0.500 0.604 17.2 
15.50 15.00 0.00 885 0.500 0.585 14.5 
15.50 14.00 0.00 747 0.500 0.524 4.6 
0 16.00 13.50 0.00 506 0.500 0.458 9.1 
8.50 6.00 0.00 172 0.500 0.480 4.2 
16.00 15.50 0.00 1000 1.000 - 0.0 
15.00 14.50 0.00 360 0.500 0.573 17.1 
Cd 16.00 14.50 0.00 280 0.500 0.302 58.1 
14.50 17.00 0.00 360 . 5000 0.585 14.7 19.50 16.00 0.00 120 0.500 0.448 11.1 
ö 16.00 16.00 0.00 1000 0.500 0.500 0.1 
"Z: 15.00 16.00 0.00 990 0.500 0.508 1.6 
0 15.00 15.00 0.00 981 0.500 0.514 2.6 
7.00 12.00 0.00 523 0.500 0.522 4.3 
9.00 29.00 0.00 195 0.500 0.462 8.2 
PWRT stands for 'permillage with respect to'. 
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2.8.4.2 COMPARISON OF EXAMPLES 4 AND 5 
Consider grids of Examples 4 and 5. Both of these grids have a single concentrated load 
at the central joint. The grid of Example 4 is simply supported at the boundary nodes 
and the grid of Example 5 is column supported. Table 2.12 shows the percentage errors 
for bending moment and deflection for these examples. These percentage errors are the 
average of percentage errors for the three highest values of the components. This table 
shows that the percentage errors for bending moment in the simply supported grid is less 
than that for the column supported grid. However, as far as the deflection is concerned, 
the situation is reversed. That is the error for the case with the column supported 
boundary is less than that of the simply supported one. 
Component Percentage Error for 
Example 4 
Percentage Error for 
Example 5 
Bending Moment 2.66 3.76 
Deflection 0.56 0.3 
Table 2.12 
2.8.4.3 COMPARISON OF EXAMPLES 5 AND 6 
In order to investigate the effects of symmetric and, unsymmetric concentrated loads 
consider Examples 5 and 6. Both of these grids have the same boundary shape and 
support conditions. Some errors for the shear forces are high in Example 5, these errors 
correspond to the members near the concentrated load, as discussed in section 2.6. 
Table 2.13 represents the percentage errors for bending moment and deflection for grids 
of Examples 5 and 6. This table shows that the percentage errors for the bending 
moment and deflection for the symmetric load is less than that for the unsymmetric load. 
Component Percentage Error for 
Example 5 
Percentage Error for 
Example 6 
Bending Moment 3.76 4.26 
Deflection 0.3 0.83 
Table 2.13 
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Example 5: 
Loading: Point load applied at 
the indicated joint. 
Supports: Column supported at the 
indicated boundary joints. 
32 m 
Number of 
joints 
Number of 
Members 
Load 
kN 
E 
kN/sq. mm 
Relative 
Density 
Section 
Particulars 
Structure 1089 2112 50 200 - IPE 18 
Renecture 1 841 1624 50 200 0.875 IPE 18 
Renecture 2 625 1200 50 200 0.75 IPE 18 
Renecture. 3 441 840 50 200 0.625 IPE 18 
Coordinates of points PWRT Esti- Actual Perce- 
St t d R i t ru. ma e at o n age 
X Y Z Ratio Error 
16000.00 15500.00 0.00 1000 0.875 0.906 3.4 
15500.00 15000.00 0.00 888 0.875 0.910 3.9 
15500.00 14000.00 0.00 748 0.875 0.911 4.0 
. 13000.00 16500.00 0.00 647 0.875 0.885 1.2 
11500.00 4000.00 0.00 141 0.875 0.850 3.0 
16000.00 15500.00 0.00 1000 1.000 - 0.0 
15000.00 14500.00 0.00 358 0.875 1.003 12.7 
0.00 15500.00 0.00 286 1 000 - 0.0 
17500.00 16000.00 0.00 284 . 0 875 0.902 4.2 
16000.00 500.00 0.00 169 . 1.000 - 0.0 
0.00 7500.00 0.00 1000 0.875 0.877 0.2 
8000.00 500.00 0.00 999 0.875 0.878 0.4 
V 7000.00 1500.00 0.00 998 0.875 0.877 0.2 
H 14500.00 0.00 0.00 569 0.875 0.947 7.6 
132000.00 31500.00 0.00 499 0.875 0.760 15.1 
ö 16000.00 16000.00 0.00 1000 0.875 0.876 0.2 
15000.00 16000.00 0.00 990 0.875 0.878 0.4 
15000.00 15000.00 0.00 981 0.875 0.878 0.3 
10000.00 24000.00 0.00 538 0.875 0.892 1.9 
3000.00 28000.00 0.00 137 0.875 0.888 1.4 
PWRT stands for 'permillage with respect to'. 
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Coordinates of points PWRT Esti- Actual Perce- 
Stru. mated Ratio ntage 
XYZ Ratio Error 
16000.00 15500.00 0.00 1000 0.750 0.810 7.4 
15500.00 15000.00 0.00 888 0.750 0.814 7.8 
15500.00 14000.00 0.00 748 0.750 0.751 0.2 
0 18500.00 15000.00 0.00 524 0.750 0.688 8.9 
0.00 28500.00 0.00 137 0.750 0.856 12.4 
16000.00 15500.00 0.00 1000 1.000 - 0.0 15000.00 14500.00 0.00 358 0.750 1.023 26.6 
0.00 15500.00 0.00 286 1.000 0.0 
N 32000.00 15500.00 0.00 286 1.000 - 0.0 
1 
1 118000.00 13500.00 0.00 210 0.750 0.755 1.5 
Ü 
0 0.00 7500.00 0.00 1000 0.750 0.754 0.6 
8000.00 500.00 0.00 999 0.750 0.757 0.9 
7000.00 1500.00 0.00 998 0.750 0.753 0.4 
30000.00 500.00 0.00 676 0.750 0.678 10.7 
0.00 15500.00 0.00 273 0.750 0.725 3.5 
16000.00 16000.00 0.00 1000 0.750 0.753 0.3 
15000.00 16000.00 0.00 990 0.750 0.757 0.9 
IL) 15000.00 15000.00 0.00 981 0.750 0.757 0.9 
1- 8000.00 15000.00 0.00 646 0.750 0.739 1.4 
1000.00 10000.00 0.00 108 0.750 0.777 3.4 
16000.00 15500.00 0.00 1000 0.625 0.711 12.1 
15500.00 15000.00 0.00 888 0.625 0.705 11.3 
15500.00 14000.00 0.00 748 0.625 0.618 1.2 
0 21500.00 17000.00 0.00 308 0.625 0.621 0.6 
15000.00 5500.00 0.00 162 0.625 0.649 3.7 
16000.00 15500.00 0.00 1000 1.000 - 0.0 15000.00 14500.00 0.00 358 0.625 0 717 11 6 
0.00 15500.00 0.00 286 1.000 . - 
. 0.0 
13500.00 14000.00 0.00 210 0.625 0.601 3.7 
500.00 16000.00 0.00 169 1.000 - 0.0 
0.00 7500.00 0.00 1000 0.625 0.631 1.0 
94 8000.00 500.00 0.00 999 0.625 0.631 1.0 
7000.00 1500.00 0.00 998 0.625 0.628 0.4 
k0 14000.00 500.00 0.00 640 0.625 0.759 17.6 
32000.00 500.00 0.00 499 0.625 0.430 45.3 
ö 16000.00 16000.00 0.00 1000 0.625 0.628 0.6 
"Z: 15000.00 16000.00 0.00 990 0.625 0.635 1.5 
15000.00 15000.00 0.00 981 0.625 0.636 1.8 
9000.00 22000.00 0.00 589 0.625 0.626 0.2 
7000.00 29000.00 0.00 197 0.625 0.672 7.0 
PWRT stands for 'permillage with respect to'. 
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Example 6: 
Loading: Point load applied at 
the indicated joint. 
Supports: Columns supported at 
the indicated boundary 
joints. 
32 m 
Number of 
Joints 
Number of 
Members 
Load 
kN 
E 
kN/sq. mm 
Relative 
Density 
Section 
Particulars 
Structure 1089 2112 50 200 - IPE 24 
Renecture 1 841 1625 50 200 0.875 IPE 24 
Renecture 2 625 1200 50 200 0.750 IPE 24 
Renecture 3 441 840 50 200 0.625 IPE 24 
Coordinates of points PWRT Esti- Actual Perce- 
Stru. mated Ratio ntage 
X Y Z Ratio Error 
8500.00 8000.00 0.00 1000 0.875 0.912 4.1 
8000.00 7500.00 0.00 981 0.875 0.915 4.3 
8500.00 7000.00 0.00 853 0.875 0.915 4.4 
0 10000.00 7500.00 0.00 696 0.875 0.899 2.7 
4500.00 1000.00 0.00 491 0.875 0.919 4.8 
8000.00 7500.00 0.00 1000 1.000 - 0.0 8500.00 8000.00 0.00 950 1.000 - 0.0 0.00 15500.00 0.00 598 1.000 - 0.0 0.00 15500.00 0.00 598 1.000 - 0.0 9000.00 6500 0.00 372 0.875 1.001 12.5 
0.00 18500.00 0.00 1000 0.875 0.903 3.1 
C 18000.00 500.00 0.00 990 0.875 0.912 4.0 
0.00 17500.00 0.00 982 0.875 0.904 3.2 
H 0.00 26500.00 0.00 643 0.875 0.879 0.4 
11500.00 1000.00 0.00 448 0.875 0.920 4.9 
ö 10000.00 10000.00 0.00 1000 0.875 0.882 0 8 
11000.00 11000.00 0.00 998 0.875 0.882 . 0.8 
10000.00 11000.00 0.00 995 0.875 0.883 0 9 
Ä 9000.00 18000.00 0.00 700 0.875 0.885 
. 1.2 
8000.00 21000.00 0.00 493 0.875 0.854 2.5 
PWRT stands for 'permillage with respect to'. 
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Coordinates of points PWRT Esti- Actual Perce- 
St t d ti R t ru. ma e a o n age 
x Y Z Ratio Error 
8500.00 8000.00 0.00 1000 0.750 0.823 8.9 
8000.00 7500.00 0.00 981 0.750 0.827 9.4 
9000.00 8500.00 0.00 870 0.750 0.814 7.8 
6000.00 8500.00 0.00 685 0.750 0.743 0.9 0 
4000.00 6500.00 0.00 500 0.750 0.782 4.1 
8000.00 7500.00 0.00 1000 1.000 - 0.0 
8500.00 8000.00 0.00 950 1.000 - 0.0 Cd 0.00 15500.00 0.00 598 1.000 - 0.0 
0.00 15500.00 0.00 598 1.000 - 0.0 
9000.00 7500.00 0.00 375 0.750 0.848 8.5 
0.00 18500.00 0.00 1000 0.750 0.796 5.8 
18000.00 500.00 0.00 990 0.750 0.837 10.4 
0.00 17500.00 0.00 982 0.750 0.843 11.1 
H 17500.00 2000.00 0.00 686 0.750 0.779 3.7 
9500.00 0.00 0.00 481 0.750 0.789 4.9 
ö 10000.00 10000.00 0.00 1000 0.750 0.762 1.5 
". 11000.00 11000.00 0.00 998 0.750 0.759 1.2 
10000.00 11000.00 0.00 995 0.750 0.758 1.0 
4000.00 10000.00 0.00 683 0.750 0.747 0.4 
6000.00 2000.00 0.00 497 0.750 0.756 0.7 
8500.00 8000.00 0.00 
8000.00 7500.00 0.00 
8500.00 7000.00 0.00 
6000.00 7500.00 0.00 
0.00 2500.00 0.00 
8000.00 7500.00 0.00 
8500.00 8000.00 0.00 
0.00 15500.00 0.00 
M 0.00 15500.00 0.00 0 
0.00 14500.00 0.00 
0.00 18500.00 0.00 
18000.00 500.00 0.00 
0.00 17500.00 0.00 
6000.00 4500.00 0.00 
10000.00 1500.00 0.00 
10000.00 10000.00 0.00 
". 11000.00 11000.00 0.00 
10000.00 11000.00 0.00 
7000.00 16000.00 0.00 
4000.00 15000.00 0.00 
1000 0.625 0.728 14.2 
981 0.625 0.734 14.9 
853 0.625 0.715 12.6 
675 0.625 0.623 0.3 
482 0.625 0.821 23.9 
1000 1.000 - 0.0 
950 1.000 - 0.0 
598 1.000 - 0.0 
598 1.000 - 0.0 
372 0.625 0.654 7.1 
1000 0.625 0.681 8.3 
990 0.625 0.741 15.7 
982 0.625 0.801 22.0 
655 0.625 0.618 1.1 
453 0.625 0.689 9.3 
1000 0.625 0.639 2.2 
998 0.625 0.636 1.7 
995 0.625 0.637 1.8 
693 0.625 0.632 1.0 
498 0.625 0.664 5.9 
PWRT stands for 'permillage with respect to'. 
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2.8.4.4 COMPARISON OF EXAMPLES 1 AND 7 
Now, consider grids of Example 1 and 7. The grid of Example 1 is simply supported at 
the boundary nodes and the grid of Example 7 is column supported. Both grid have 
distributed load applied to all the joints. Table 2.14 shows that the resulting errors for 
bending moment in the simply supported one is less than that for column supported one. 
However, as far as the deflection is concerned, the situation is reversed. That is, the 
error for the case of Example 7 is less than that for Example 1. 
Component Percentage Error for 
Example 1 
Percentage Error for 
Example 7 
Bending Moment 0.66 0.7 
Deflection 0.53 0.33 
Table 2.14 
2.8.4.5 COMPARISON OF EXAMPLES 7 AND 8 
The grids of Examples 7 and 8 are column supported. However, the boundary of 
Example 7 is square whereas that for Example 8 is rectangular. The load is applied to all 
the joints in both grids. The result shows that the percentage errors for the square grid is 
less than that for the rectangular grid 
2.8.4.6 COMPARISON OF EXAMPLES 8 AND 9 
Examples 8 and 9 are two rectangular grids with distributed and concentrated loads. The 
results for the grid with distributed load are more precise as compared with those*of the 
grid with the concentrated load. 
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Example 7: 
Loading: The load is applied at 
the nonboundary joints. 
Supports: Column supported at 
the indicated boundary joints. 
32 m 
1' 32 m b-i 
Number of 
Joints 
Number of 
Members 
Load 
kN 
E 
kN/sq. mm 
Relative 
Density 
Section 
Particulars 
Structure 1089 2112 0.5 200 - IPE 18 
Renecture 1 841 1624 0.659 200 0.875 IPE 18 
Renecture 2 625 1200 0.908 200 0.750 IPE 18 
Renecture 3 441 840 1.331 200 0.625 IPE 18 
Coordinates of points PWRT Esti- Actual Perce- 
Stru. mated Ratio ntage 
X Y Z Ratio Error 
16000.00 15500.00 0.00 1000 0.875 0.868 0.8 
15500.00 15000.00 0.00 995 0.875 0.869 0.7 
5 16000.00 14500.00 0.00 994 0.875 0.870 0.6 
o 22500.00 8000.00 0.00 617 0.875 0.860 1.8 
31000.00 12500.00 0.00 215 0.875 0.914 3.8 
0.00 15500.00 0.00 1000 1.000 - 0.0 
0.00 8500.00 0.00 857 1.000 - 0.0 
CIS 0.00 7500.00 0.00 767 1.000 - 0.0 
18000.00 500.00 0.00 534 0.875 0.995 9.9 
15000.00 1500.00 0.00 334 0.875 0.917 4.3 
0.00 4500.00 0.00 1000 0.875 0.873 0.2 
0.00 5500.00 0.00 1000 0.875 0.873 0.2 
0.00 3500.00 0.00 983 0.875 0.866 1.0 
H 32000.00 11500.00 0.00 373 0.875 0.861 1.6 
0.00 15500.00 0.00 176 0.875 0.875 0.0 
ö 16000.00 16000.00 0.00 1000 0.875 0.876 0.1 
15000.00 16000.00 0.00 996 0.875 0.870 0.5 
15000.00 15000.00 0.00 991' 0.875 0.871 0.4 
15000.00 28000.00 0.00 394 0.875 0.987 11.4 
1 110000.00 2000.00 0.00 173 0.875 0.865 1.1 
PWRT stands for 'permillage with respect to'. 
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Coordinates of points PWRT Esti- Actual Perce- 
Stru. mated Ratio ntage 
XYZ Ratio Error 
16000.00 15500.00 0.00 1000 0.750 0.736 1.9 
15500.00 15000.00 0.00 995 0.750 0.738 1.6 
16000.00 14500.00 0.00 994 0.750 0.738 1.6 
0 26000.00 10500.00 0.00 502 0.750 0.756 0.7 
14000.00 2500.00 0.00 311 0.750 0.801 6.4 
0.00 15500.00 0.00 1000 1.000 - 0.0 
0.00 - 8500.00 0.00 857 1.000 - 0.0 
0.00 7500.00 0.00 767 1.000 - 0.0 
0.00 17500.00 0.00 537 0.750 0.885 14.2 
17000.00 1500.00 0.00 334 0.750 0.808 7.2 
0.00 4500.00 0.00 1000 0.750 0.741 1.2 
0.00 5500.00 0.00 1000 0.750 0.759 1.1 
0.00 3500.00 0.00 983 0.750 0.735 2.1 
° 0.00 12500.00 0.00 373 0.750 0.750 0.0 
0.00 15500.00 0.00 176 0.750 0.750 0.0 
16000.00 16000.00 0.00 1000 0.750 0.736 2.0 
15000.00 16000.00 0.00 996 0.750 0.738 1.6 
15000.00 15000.00 0.00 991 0.750 0.738 1.6 
13000.00 25000.00 0.00 620 0.750 0.739 1.5 
2000.00 29000.00 0.00 67 0.750 0.690 8.7 
16000.00 15500.00 0.00 1000 0.625 0.604 3.6 
15500.00 15000.00 0.00 995 0.625 0.607 3.0 
Ei 16000.00 14500.00 0.00 994 0.625 0.603 3.7 
0 16000.00 5500.00 0.00 613 0.625 0.596 4.9 
6000.00 1500.00 0.00 124 0.625 0.627 0.4 
0.00 15500.00 0.00 1000 1.000 - 0.0 
0.00 8500.00 0.00 857 1.000 - 0.0 
Cd 0.00 7500.00 0.00 767 1.000 - 0.0 
17500.00 0.00 0.00 537 0.625 0.714 12.4 
1 119000.00 2500.00 0.00 320 0.625 0.639 2.4 
U 
d 
0.00 4500.00 0.00 1000 0.625 0.611 2.3 
0.00 5500.00 0.00 1000 0.625 0.625 0.1 
0.00 3500.00 0.00 983 0.625 0.600 4.2 
0 0.00 9500.00 0.00 411 0.625 0.489 27.9 
0.00 15500.00 0.00 176 0.625 0.630 0.7 
ö 16000.00 16000.00 0.00 1000 0.625 0.604 3.6 
15000.00 16000.00 0.00 996 0.625 0.607 3.0 
15000.00 15000.00 0.00 991 0.625 0.608 2.9 
6000.00 25000.00 0.00 371 0.625 0.614 1.9 
4000.00 3000.00 0.00 123 0.625 0.625 0.0 
PWRT stands for 'permillage with respect to'. 
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Example 8: 
Loadig: The load is applied at 24 the noneboundary joints. 
Supports: Column supported at the 
indicated boundary joints. 
Number of 
Joints 
Number of 
Members 
Load 
kN 
E 
kN/sq. mm 
Relative 
Density 
Section 
Particulars 
Structure 925 1788 0.500 200 
_ IPE 18 
Renecture 1 625 1250 0.730 200 0.833 IPE 18 
Renecture 2 425 808 1.166 200 0.667 IPE 18 
Renecture 3 247 462 2.152 200 0.500 IPE 18 
Coordinates of points PWRT Esti- Actual Perce- 
S i tru. mated Rat o ntage 
X Y Z Ratio Error 
18000.00 11500.00 0.00 1000 0.833 0.850 1.9 
17000.00 11500.00 0.00 995 0.833 0.847 1.7 
18000.00 10500.00 0.00 984 0.833 0.831 0.2 
0 31000.00 7500.00 0.00 345 0.833 0.822 1.3 
1 123000.00 500.00 0.00 137 0.833 0.794 4.9 
12500.00 0.00 0.00 1000 1.000 - 0.0 
11500.00 0.00 0.00 944 1.000 - 0.0 
0.00 11500.00 0.00 606 1.000 - 0 0 
10500.00 24000.00 0.00 542 0.833 0.958 . 12.1 
9500.00 24000.00 0.00 332 0.833 0.873 4.6 
9500.00 0.00 0.00 1000 0.833 0.863 3.5 
10500.00 0.00 0.00 970 0.833 0.857 2.7 
F 8500.00 0.00 0.00 966 0.833 0.842 1.0 
H 3500.00 24000.00 0.00 564 0.833 0.818 1.8 
20500.00 0.00 0.00 220 0.833 0.885 5.9 
ö 18000.00 12000.00 0.00 1000 0.833 0.825 1.0 
"Z: 17000.00 12000.00 0.00 997 0.833 0.827 0.7 
18000.00 11000.00 0.00 992 0.833 0.827 0.7 
17000.00 4000.00 0.00 525 0.833 0.841 0.9 
1 117000.00 1000.00 0.00 187 0.833 0.851 2.1 
PWRT stands for' permillage with respect to'. 
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Coordinates of points PWRT Esti- Actual Perce- 
Stru. mated Ratio ntage 
XYZ Ratio Error 
18000.00 11500.00 0.00 1000 0.667 0.649 2.8 
17000.00 11500.00 0.00 995 0.667 0.652 2.4 
18000.00 10500.00 0.00 984 0.667 0.650 2.6 
o 25500.00 9000.00 0.00 379 0.667 0.653 2.2 
5500.00 3000.00 0.00 199 0.667 0.694 3.8 
12500.00 0.00 0.00 1000 1.000 - 0.0 
11500.00 0.00 0.00 944 1.000 - 0.0 
W 0.00 11500.00 0.00 606 1.000 - 0.0 N 25500.00 0.00 0.00 542 0.667 0.762 12.5 
14500.00 8500.00 0.00 369 0.667 0.724 7.9 
9500.00 0.00 0.00 1000 0.667 0.714 6.6 
9 10500.00 0.00 0.00 970 0.667 0.799 16.5 
8500.00 0.00 0.00 966 0.667 0.692 3.6 
0.00 16500.00 0.00 672 0.667 0.684 2.6 
16500.00 0.00 0.00 139 0.667 0.860 22.4 
ö 18000.00 12000.00 0.00 1000 0.667 0.714 6.5 
17000.00 12000.00 0.00 997 0.667 0.653 2.2 
18000.00 11000.00 0.00 992 0.667 0.653 2.1 
14000.00 5000.00 0.00 600 0.667 0.666 0.1 
2000.00 3000.00 0.00 125 0.667 0.697 4.3 
18000.00 11500.00 0.00 1000 0.500 0.474 5.4 
17000.00 11500.00 0.00 995 0.500 0.477 4.9 
Ej 18000.00 10500.00 0.00 984 0.500 0.470 6.4 
0 15000.00 5500.00 0.00 672 0.500 0.487 2.6 
23500.00 12000.00 0.00 397 0.500 0.471 6.1 
12500.00 0.00 0.00 1000 1.000 - 0.0 
11500.00 0.00 0.00 944 1.000 - 0.0 
0.00 11500.00 0.00 606 1.000 - 0.0 22500.00 0.00 0.00 592 0.500 0.622 19.6 
14500.00 0.00 0.00 369 0.500 0.679 26.4 
9500.00 0.00 0.00 1000 0.500 0.565 11.5 
10500.00 0.00 0.00 970 0.500 0.685 27.0 
8500.00 0.00 0.00 966 0.500 0.534 6.3 
k0 0.00 6500.00 0.00 670 0.500 0.498 0.3 
36000.00 12500.00 0.00 255 0.500 0.586 14.7 
ö 18000.00 12000.00 0.00 1000 0.500 0.474 5.5 
17000.00 12000.00 0.00 997 0.500 0.470 6.4 
18000.00 11000.00 0.00 992 0.500 0.480 4.1 
9000.00 9000.00 0.00 695 0.500 0.505 1.0 
13000.00 4000.00 0.00 485 0.500 0.529 5.5 
PWRT stands for 'permillage with respect to'. 
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Example 9: 
Loading: Point load applied at 
24 
the indicated joint. 
Supports: Column supported at tr 
indicated boundary joint: 
Number of 
Joints 
Number of 
Members 
Load 
kN 
E 
kN/sq. mm 
Relative 
Density 
Section 
Particulars 
Structure 925 1788 500 200 
_ IPE 18 
Renecture 1 651 1250 500 200 0.833 IPE 18 
Renecture 2 425 808 500 200 0.667 IPE 18 
Renecture 3 247 462 500 200 0.500 IPE 18 
Coordinates of points PWRT Esti- Actual Perce- 
Stru. mated Ratio ntage 
XYZ Ratio Error 
18000.00 11500.00 0.00 1000 0.833 0.873 4.6 
17000.00 11500.00 0.00 890 0.833 0.862 3.3 
17500.00 12000.00 0.00 816 0.833 0.884 5.8 
0 12000.00 10500.00 0.00 432 0.833 0.836 0.4 
32500.00 24000.00 0.00 165 0.833 0.884 5.7 
17500.00 12000.00 0.00 1000 1.000 - 0.0 
18000.00 11500.00 0.00 997 1.000 - 0.0 
17500.00 0.00 0.00 588 1.000 - 0.0 
16500.00 0.00 0.00 359 0.833 0.945 11.8 
19500.00 12000.00 0.00 288 0.833 0.799 4.1. 
13500.00 0.00 0.00 1000 0.833 0.853 2 4 
C 13000.00 500.00 0.00 997 0.833 0.850 . 2.0 
14000.00 500.00 0.00 993 0.833 0.864 3.6 
H 29500.00 1000.00 0.00 610 0.833 0.818 1.9 
1 136000.00 1400.00 0.00 167 0.833 0.811 2.9 
ö 18000.00 12000.00 0.00 1000 0.833 0.838 0 6 
17000.00 12000.00 0.00 988 0.833 0.841 . 1.0 
18000.00 11000.00 0.00 985 0.833 0.841 1.0 
6000.00 10000.00 0.00 398 0.833 0.872 4.5 
13000.00 1000.00 0.00 193 0.833 0.863 3.5 
PWRT stands for 'permillage with respect to'. 
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Coordinates of points PWRT Esti- Actual Perce- 
u St t d R ti t . r ma e a o n age X Y Z Ratio Error 
18000.00 11500.00 0.00 1000 0.667 0.743 10.2 
17000.00 11500.00 0.00 890 0.667 0.734 9.1 
17500.00 12000.00 0.00 816 0.667 0.765 12.8 
17000.00 9500.00 0.00 542 0.667 0.641 4.1 0 
12500.00 3000.00 0.00 117 0.667 0.719 7.2 
17500.00 12000.00 0.00 1000 1.000 - 0.0 
18000.00 11500.00 0.00 997 1.000 - 0.0 
17500.00 0.00 0.00 588 1.000 - 0.0 N x 19500.00 24000.00 0.00 359 0.667 0.704 6.9 
0 
° 
CA 15500.00 10000.00 0.00 216 0.667 0.656 2.4 
13500.00 0.00 0.00 1000 0.667 0.707 5.7 
13000.00 500.00 0.00 997 0.667 0.705 5.4 
14000.00 500.00 0.00 993 0.667 0.713 6.5 
° 31500.00 2000.00 0.00 417 0.667 0.594 12.2 
0.00 6500.00 0.00 287 0.667 0.649 2.8 
a 18000.00 12000.00 0.00 1000 0.667 0.675 1.2 
17000.00 12000.00 0.00 988 0.667 0.682 2.2 
18000.00 11000.00 0.00 985 0.667 0.682 2.3 
11000.00 17000.00 0.00 584 0.667 0.680 1.9 
2000.00 14000.00 0.00 172 0.667 0.736 9.4 
18000.00 11500.00 0.00 1000 0.500 0.606 17.5 
17000.00 11500.00 0.00 890 0.500 0.587 14.8 
17500.00 12000.00 0.00 816 0.500 0.641 22.0 
0 14000.00 12500.00. 0.00 570 0.500 0.509 1.8 
20000.00 8500.00 0.00 470 0.500 0.469 6.5 
17500.00 12000.00 0.00 1000 1.000 - 0.0 
18000.00 11500.00 0.00 997 1.000 - 0.0 
CI 17500.00 0.00 0.00 588 1.000 - 0.0 
19000.00 10500.00 0.00 353 0.500 0.58 11.5 
15500.00 10000.00 0.00 216 0.500 0.591 13.1 
v U 
13500.00 0.00 0.00 1000 0.500 0.554 9.7 
13000.00 500.00 0.00 997 0.500 0.559 10.5 
14000.00 500.00 0.00 993 0.500 0.571 12.4 
H 29500.00 1000.00 0.00 610 0.500 0.466 7.3 
32000.00 1500.00 0.00 370 0.500 0.408 22.7 
° 18000.00 12000.00 0.00 1000 0.500 0.512 2.3 
17000.00 12000.00 0.00 988 0.500 0.522 4.2 
18000.00 11000.00 0.00 985 0.500 0.523 4.3 
9000.00 13000.00 0.00 584 0.500 0.536 6.8 
7000.00 8000.00 0.00 423 0.500 0.548 8.7 
PWRT stands for 'permillage with respect to'. 
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2.8.4.7 COMPARISON OF EXAMPLES 1 AND 10 
Now, consider grids of Examples 1 and 10. Example 1 is a grid with an orthogonal 
pattern and Example 10 is a grid with a diagonal pattern. Both of these grids are simply 
supported with distributed load. Table 2.15 shows that the percentage errors for these 
grids are close (and very small). 
Component Percentage Error for 
Example 1 
Percentage Error for 
Example 10 
Bending Moment 0.66 0.5 
Deflection 0.53 0.83 
Table 2.15 
2.8.4.8 COMPARISON OF EXAMPLES 10,11 AND 12 
Examples 10,11 and 12 are diagonal grids with distributed load applied to all the area of 
the grid, half the area of the grid and a quarter of the area of the grid, respectively. As it 
was discussed for Examples 1,2,3 and 4 the percentage errors increases from Example 
10 to 12 gradually. Table 2.16 contains the percentage errors for grids of Examples 11 
and 12. This table shows that percentage errors for bending moments in both examples 
are very close. Also, it is seen that, as far as deflection are concerned, the percentage 
error in Example 11 is less than Example 12. 
Component Percentage Error for 
Example 11 
Percentage Error for 
Example 12 
Bending Moment 0.1 0.07 
Deflection 0.33 0.4 
Table 2.16 
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Example 10: 
Loading: The load is applied at 
the nonboundary joints. 
Supports: Simply supported at 
all the boundary joints. 
28 L 
ý- 28 L 
Number of 
Joints 
Number of 
Members 
Load 
kN 
E 
kN/sq. mm 
Relative 
Density 
Section 
Particulars 
Structure 1625 3248 1 1 - 
I=1 
Renecture 1 1201 2400 1.374 1 0.857 I=1 
Renecture 2 841 1680 1.988 1 0.714 I=1 
Renecture 3 545 1088 3.145 1 0.571 1=1 
Coordinates of points PWRT Esti- Actual Perce- 
Stru mated Ratio nta e . g X Y Z Ratio Error 
0.75 0.25 0.00 1000 0.857 0.851 0.7 
1.25 0.75 0.00 999 0.857 0.852 0.6 
Ei 2.25 0.75 0.00 970 0.857 0.855 0.2 
7.75 0.25 0.00 562 0.857 0.852 0.5 0 
8.75 0.75 0.00 350 0.857 0.887 3.3 
13.25 0.25 0.00 1000 0.857 0.856 0.2 
12.25 0.25 0.00 998 0.857 0.860 0.4 
12.75 0.25 0.00 993 0.857 0.860 0.3 
3.25 0.25 0.00 678 0.857 0.836 2.5 
1.75 0.25 0.00 386 0.857 0.889 3.9 
14.00 14.00 0.00 1000 0.857 0.849 0.9 
°2 13.50 13.50 0.00 997 0.857 0.850 0.8 
13.00 14.00 0.00 995 0.857 0.850 0.8 
6.00 14.00 0.00 651 0.857 0.848 1.0 Ä 6.50 1.50 0.00 127 0.857 0.862 0.5 
PWRT stands for 'permillage with respect to'. 
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Coordinates of points PWRT Esti- Actual Perce- 
Stru. mated Ratio ntage 
XYZ Ratio Error 
0.75 0.25 0.00 1000 0.714 0.709 0.7 
1.25 0.75 0.00 999 0.714 0.709 0.7 
2.25 0.75 0.00 970 0.714 0.719 0.0 
o 6.75 0.25 0.00 642 0.714 0.683 4.5 
0.75 0.5 0.00 413 0.714 0.694 2.8 
13.25 0.25 0.00 1000 0.714 0.717 0.5 
12.25 0.25 0.00 998 0.714 0.725 1.5 
12.75 0.25 0.00 993 0.714 0.728 1.9 
X- 4.25 0.75 0.00 576 0.714 0.689 3.6 
7.75 0.75 0.00 437 0.714 0.729 1.4 
14.00 14.00 0.00 1000 0.714 0.705 1.3 
13.50 13.50 0.00 997 0.714 0.706 1.1 
. 04 13.00 14.00 0.00 995 0.714 0.706 1.1 
10.00 21.00 0.00 667 0.714 0.705 1.3 
3.00 27.00 0.00 44 0.714 0.730 2.2 
0.75 0.25 0.00 1000 0.571 0.565 1.1 
1.25 0.75 0.00 999 0.571 0.564 1.3 
S 2.25 0.75 0.00 970 0.571 0.559 2.3 
0 20.25 0.25 0.00 562 0.571 0.532 7.4 
1 111.5 0.75 0.00 336 0.571 0.546 4.6 
13.25 0.25 0.00 1000 0.571 0.578 1.1 
12.25 0.25 0.00 998 0.571 0.572 0.2 
12.75 0.25 0.00 993 0.571 0.587 2.7 
3.25 0.25 0.00 678 0.571 0.538 6.1 
3.25 0.75 0.00 468 0.571 0.535 6.6 
14.00 14.00 0.00 1000 0.571 0.557 2.5 
13.50 13.50 0.00 997 0.571 0.559 2.1 
13.00 14.00 0.00 995 0.571 0.560 1.9 
M 14.50 22.50 0.00 606 0.571 0.571 0.1 
11 12.00 27.00 0.00 119 0.571 0.595 4.1 
PWRT stands for 'permillage with respect to'. 
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Example, 11: 
28 L 
Loading: The load is applied at 
joints within the shaded 
area. 
Supports: Simply supported at 
all the boundary joints. 
ý- 28 L .ý 
Number of 
Joints 
Number of 
Members 
Load 
kN 
E 
kN/sq. mm 
Relative 
Density 
Section 
Particulars 
Structure 1625 3248 1 1 - I=1 
Renecture 1 1201 2400 1.365 1 0.857 I1 
Renecture 2 841 1680 1.974 1 0.714 I=1 
Renecture 3 545 1088 3.104 1 0.571 1=1 
Coordinates of points PWRT Esti- Actual Perce- 
St t d R ti ru. ma e a o ntage 
x y z Ratio Error 
0.25 0.75 0.00 1000 0.857 0.856 0.1 
0.25 0.25 0.00 999 0.857 0.857 0.1 
0.75 0.25 0.00 998 0.857 0.856 0.1 
4.25 0.25 0.00 694 0.857 0.878 2.3 
11.75 0.75 0.00 192 0.857 0.905 5.3 
8.25 0.25 0.00 1000 0.857 0.861 0.4 
7.25 0.25 0.00 993 0.857 0.856 0.1 
8.75 0.25 0.00 992 0.857 0.869 1.4 
13.75 0.75 0.00 555 0.857 0.858 0.1 
21.25 0.75 0.00 142 0.857 0.830 3.3 
11.00 14.00 0.00 1000 0.857 0.855 0.3 
11.50 13.50 0.00 997 0.857 0.854 0.4 
10.50 13.50 0.00 996 0.857 0.854 0.3 
7.50 20.50 0.00 689 0.857 0.855 0.3 
2.00 5.00 0.00 174 0.857 0.814 5.3 
PWRT stands for 'permillage with respect to'. 
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Coordinates of points PWRT Esti- Actual Perce- 
Stru. mated Ratio ntage 
XYZ Ratio Error 
0.25 0.75 0.00 1000 0.714 0.711 0.4 
0.25 0.25 0.00 999 0.714 0.713 0.1 
0.75 0.25 0.00 998 0.714 0.712 0.3 
0 4.75 0.25 0.00 704 0.714 0.688 3.2 
18.25 0.75 0.00 377 0.714 0.707 2.6 
8.25 0.25 0.00 1000 0.714 0.726 1.7 
7.25 0.25 0.00 993 0.714 0.714 0.0 
0 8.75 0.25 0.00 992 0.714 0.740 3.5 
. 14 1.75 0.75 0.00 631 0.714 0.733 2.6 
04 17.75 0.75 0.00 173 0.714 0.745 4.2 
° 11.00 14.00 0.00 1000 0.714 0.704 1.4 ° 11.50 13.50 0.00 997 0.714 0.704 1.4 
10.50 13.50 0.00 996 0.714 0.704 1.4 
4.50 13.50 0.00 625 0.714 0.705 1.3 
7.00 1.00 0.00 107 0.714 0.679 5.1 
0.25 0.75 0.00 1000 0.571 0.568 0.6 
0 0.25 0.25 0.00 999 0.571 0.572 0.1 
5 0.75 0.25 0.00 998 0.571 0.569 0.4 
0 5.25 0.25 0.00 587 0.571 0.611 5.5 
10.25 0.75 0.00 170 0.571 0.553 3.3 
8.25 0.25 0.00 1000 0.571 0.586 2.5 
7.25 0.25 0.00 993 0.571 0.571 0.0 
8.75 0.25 0.00 992 0.571 0.587 2.7 
1.75 0.75 0.00 631 0.571 0.572 0.2 
17.75 0.75 0.00. 173 0.571 0.525 8.8 
° 11.00 14.00 0.00 1000 0.571 0.556 2.7 
11.50 13.50 0.00 997 0.571 0.555 2.8 
10.50 13.50 0.00 996 0.571 0.557 2.6 
5.00 12.00 0.00 666 0.571 0.566 0.9 
1.50 8.50 0.00 192 0.571 0.592 3.6 
PWRT stands for 'permillage with respect to'. 
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Example 12: 
Loading: The load is applied at 281 joints within the shaded area. 
Supports: Simply supported along 
the boundary lines AB and BC. 
The indicated boundary joints 
are supported as follows: 
O Column support 
A fixed support 
Number of 
Joints 
Number of 
Members 
Load 
kN 
E 
kN/sq. mm 
Relative 
Density 
Section 
Particulars 
Structure 1625 3248 1 1 - I=1 
Renecture 1 1201 2400 1.369 1 0.857 I=1 
Renecture 2 841 1680 1.989 1 0.714 I=1 
Renecture 3 545 1088 3.150 1 0.571 1=1 
Coordinates of points PWRT Esti- Actual Perce- 
Stru mat d R ti t . e a o n age x y z Ratio Error 
0.75 0.25 0.00 1000 0.857 0.856 0.1 
0.25 0.75 0.00 1000 0.857 0.856 0.1 
0.25 0.25 0.00 999 0.857 0.857 0.0 
1.25 3.25 0.00 625 0.857 0.830 3.3 
18.25 1.25 0.00 450 0.857 0.858 0.1 
28.00 6.50 0.00 1000 1.000 - 0.0 
6.50 28.00 0.00 958 1.000 - 0.0 
28.00 5.50 0.00 848 0.857 1.019 15.8 
14.50 28.00 0.00 532 1.000 - 0.0 
8.25 0.25 0.00 364 0.857 0.883 2.8 
11.00 11.00 0.00 1000 0.857 0.854 0.3 
10.50 10.50 0.00 999 0.857 0.853 0.5 
11.50 10.50 0.00 997 0.857 0.853 0.4 
9.00 19.00 0.00 590 0.857 0.856 0.1 
10.00 22.00 0.00 409 0.857 0.847 1.2 
PWRT stands for 'permillage with respect to'. 
A 
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Coordinates of points PWRT Esti- Actual Perce- 
Stru. mated Ratio ntage 
X Y Z Ratio Error 
0.75 0.25 0.00 1000 0.714 0.713 0.2 
0.25 0.75 0.00 1000 0.714 0.713 0.2 
0.25 0.25 0.00 999 0.714 0.715 0.1 
. 13.75 3.75 0.00 572 0.714 0.699 2.2 
10.25 3.25 0.00 391 0.714 0.734 2.8 
28.00 6.50 0.00 1000 1.000 - 0.0 
6.50 28.00 0.00 958 1.000 - 0.0 
28.00 5.50 0.00 848 0.714 0.980 27.1 
28.00 14.50 0.00 536 1.000 - 0.0 
10.75 0.25 0.00 357 0.714 0.714 0.1 
11.00 11.00 0.00 1000 0.714 0.708 0.9 
. 12 10.50 10.50 0.00 999 0.714 0.705 1.3 0 11.50 10.50 0.00 997 0.714 0.707 1.0 
13.00 5.00 0.00 671 0.714 0.711 0.4 
6.00 4.00 0.00 472 0.714 0.695 2.8 
0.75 0.25 0.00 1000 0.571 0.570 0.2 
0.25 0.75 0.00 1000 0.571 0.570 0.2 
0.25 0.25 0.00 999 0.571 0.574 0.6 
0 0.75 3.75 0.00 634 0.571 0.554 3.0 
20.75 0.75 0.00 410 0.571 0.545 4.9 
M 28.00 6.50 0.00 1000 1.000 - 0 0 6.50 28.00 0.00 958 1.000 - 
. 0.0 M 28.00 5.50 0.00 848 0.571 0.910 37 0 
X 4.50 28.00 0.00 693 1.000 - 
. 0 0 
24.50 28.00 0.00 361 0.571 0.974 . 40.0 
11.00 11.00 0.00 1000 0.571 0.562 1.7 
10.50 10.50 0.00 999 0.571 0.558 2.4 
, 11.50 10.50 0.00 997 0.571 0.561 1.7 L Lr " 
12.00 19.00 0.00 617 0.571 0.573 0.4 
n 13.00 3.00 0.00 437 0.571 0.555 2.8 
PWRT stands for 'permillage with respect to'. 
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2.8.4.9 EXAMPLES 13 AND 14 
Consider the grid of Example 13 that is simply supported at the boundary joints. The 
structure is under a `line load' consisting of 16 nodal point loads, as shown. The loaded 
nodes of the structure do not correspond to any joints in the first and second renectures 
along the direction of the line of the loads. In such a case, one may apply the equivalent 
loads along two lines of joints in the renectures close to the positions of the original line 
of loads in the structure. However, one must ensure that the total magnitude of loads 
applied in each renecture is that same as the total magnitude of loads in the structure. 
The arrangements of loaded joints in the first and secdnd renectures of Example 13 are 
shown near the diagram for the grid of Example 13. The results shown in the table of 
Example 13 indicate that the behaviour of the structure can be predicted with good 
accuracy. 
2.8.4.10 COMPARISON OF EXAMPLES 10 AND 14 
For comparison of the effect of distributed load with those of line load Examples 10 and 
14 are considered. Both of these grids are diagonal grids and simply supported at the 
boundary nodes with the same boundary shape. The grid of Example 10 has distributed 
load and Example 14 has line load. Table 2.17 shows that the percentage errors for the 
line load are higher than those for the distributed load. 
Component Percentage Error for 
Example 10 
Percentage Error for 
Example 14 
Bending Moment 0.5 1.66 
Deflection 0.83 0.6 
Table 2.17 
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Example 13: 
Loading: Point loads applied at 
the indicated joints. 
Supports: Simply supported at all 
the boundary joints. 
32 L 
32 L 
Positions of external loads in 
renecture 1 
Positions of external loads in Positions of external loads in 
renecture 2. renecture 3. 
Number of 
Joints 
Number of 
Members, 
Load 
kN 
E 
kN/sq. mm 
Relative 
Density 
Section 
Particulars 
Structure 1089 2112 1 1 - i=1 
Renecture 1 784 1512 0.615 1 0.843 I=1 
Renecture 2 676 1300 0.667 1 0.781 I=1 
Renecture 3 441 840 1.600 1 0.625 1=1 
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Coordinates of points PWRT Esti- Actual Perce- 
Stru. mated Ratio ntage 
XYZ Ratio Error 
15.50 12.00 0.00 1000 0.844 0.877 3.1 
15.50 11.00 0.00 997 0.844 0.876 3.6 
5 15.50 13.00 0.00 991 0.844 0.879 4.0 
0 12.00 6.50 0.00 647 0.844 0.835 1.0 
24.00 8.50 0.00 493 0.844 0.821 2.8 
16.00 0.50 0.00 1000 0.844 0.938 10.0 
15.00 0.50 0.00 890 0.844 0.859 1.7 
Cd 14.00 0.50 0.00 732 0.844 0.802 5.2 
14.50 9.00 0.00 549 0.844 0.819 3.2 
17.50 3.00 0.00 451 0.844 0.784 7.7 
14.00 14.00 0.00 1000 0.843 0.856 1.6 
14.00 13.00 0.00 999 0.843 0.854 1.3 
14.00 15.00 0.00 990 0.843 0.860 2.0 
12.00 7.00 0.00 685 0.843 0.851 0.9 
5.00 15.00 0.00 442 0.843 0.854 1.2 
15.50 12.00 0.00 1000 0.781 0.813 4.0 
15.50 11.00 0.00 997 0.781 0.811 3.7 
15.50 13.00 0.00 991 0.781 0.817 4.4 
11.00 9.50 0.00 689 0.781 0.765 2.1 
23.00 6.50 0.00 484 0.781 0.753 3.7 
16.00 0.50 0.00 1000 0.781 0.888 12.1 
15.00 0.50 0.00 890 0.781 0.802 2.6 
14.00 0.50 0.00 732 0.781 0.750 4.1 
17.50 11.00 0.00 537 0.781 0.746 4.6 
12.00 3.50 0.00 415 0.781 0.767 1.9 
14.00 14.00 0.00 1000 0.781 0.790 1.1 
14.00 13.00 0.00 999 0.781 0.791 1.2 
14.00 15.00 0.00 990 0.781 0.796 1.8 
13.00 6.00 0.00 641 0.781 0.774 0.8 
1 15.00 10.00 0.00 396 0.781 0.797 2.0 
15.50 12.00 0.00 1000 0.625 0.641 2.5 
15.50 11.00 0.00 997 0.625 0.641 2.5 
15.50 13.00 0.00 991 0.625 0.637 1.8 
. 11.00 9.50 0.00 689 0.625 0.623 0.4 
21.00 3.50 0.00 378 0.625 0.593 5.4 
16.00 0.50 0.00 1000 0.625 0.721 13.3 
15.00 0.50 0.00 890 0.625 0.722 13.4 
14.00 0.50 0.00 732 0.625 0.633 1.3 
15.50 9.00 0.00 585 0.625 0.868 28.0 
18.50 7.00 0.00 488 0.625 0.639 2.2 
ä 14.00 14.00 0.00 1000 0.625 0.612 2.2 
"2 14.00 13.00 0.00 999 0.625 0.611 2.3 
14.00 15.00 0.00 990 0.625 0.611 2.4 
12.00 7.00 0.00 685 0.625 0.635 1.6 
6.00 9.00 0.00 444 0.625 0.609 2.7 
PWRT stands for 'permillage with respect to'. 
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Example 14: 
Loading: Point loads applied at 
the indicated joints. 
Supports: Simply supported at all 
the boundary joints. 
Positions of external loads Positions of external loads 
in renecture 2 in renecture 3 
Number of 
Joints 
Number of 
Members 
Load 
kN 
E 
Kn/sq. mm 
Relative 
Density 
Section 
Particulars 
Structure 1625 3248 1 1 _ 1 
Renecture 1 1201 2400 1.167 1 0.857 I=1 
Renecture 2 841 1680 1.400 1 0.714 I=1 
Renecture 3 545 1088 1.75 1 0.571 I=1 
28 L 
_1 -d _ 
28L 
Positions of external loads 
in renecture 1 
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Coordinates of points PWRT Esti- Actual Perce- 
St d i ru. mate Rat o ntage 
X Y Z Ratio Error 
13.75 9.25 0.00 1000 0.875 0.892 1.9 
13.75 8.25 0.00 997 0.875 0.883 0.9 
13.75 9.75 0.00 993 0.875 0.895 2.2 
16.75 7.75 0.00 676 0.875 0.845 3.6 
5.75 6.25 0.00 486 0.875 0.846 3.5 
13.75 0.75 0.00 1000 0.857 0.915 6.3 
13.75 1.75 0.00 823 0.857 0.933 7.9 
13.75 0.25 0.00 797 0.857 0.914 6 2 
13.25 1.25 0.00 696 0.857 0.876 . 2.2 
14.25 1.25 0.00 367 0.857 0.822 4.3 
13.50 10.50 0.00 1000 0.857 0.852 0.6 
13.50 11.50 0.00 999 0.857 0.853 0.5 
13.00 11.00 0.00 991 0.857 0.851 0.7 
13.00 5.00 0.00 683 0.857 0.859 0.3 
A1 15.00 10.00 0.00 431 0.857 0.854 0.3 
13.75 9.25 0.00 1000 0.714 0.753 5.2 
13.75 8.25 0.00 997 0.714 0.754 5.3 
E 13.75 9.75 0.00 993 0.714 0.747 4.5 
0 23.75 3.75 0.00 541 0.714 0.710 0.5 
5.25 1.25 0.00 486 0.714 0.713 0.1 
13.75 0.75 0.00 1000 0.714 0.854 16.4 
13.75 1.75 0.00 823 0.714 0.992 22 8 
13.75 0.25 0.00 797 0.714 0.810 . 11.9 
14.75 0.25 0.00 595 0.714 0.762 6 3 
12.75 0.25 0.00 418 0.714 0.746 . 4.3 
13.50 10.50 0.00 1000 0.714 0.705 1.2 
13.50 11.50 0.00 999 0.714 0.707 1.0 
13.00 11.00 0.00 991 0.714 0.706 1.2 
12.00 20.00 0.00 539 0.714 0.700 2.0 
7.00 6.00 0.00 464 0.714 0.710 0.5 
13.75 9.25 0.00 1000 0.571 0.585 2.5 
13.75 8.25 0.00 997 0.571 0.594 3.9 
13.75 9.75 0.00 993 0.571 0.594 3.9 
0 19.25 2.25 0.00 638 0.571 0.571 0.0 
23.25 5.25 0.00 500 0.571 0.564 1.2 
13.75 0.75 0.00 1000 0.571 0.793 28 0 
13.75 1.75 0.00 823 0.571 0.704 . 18.8 
C1 13.75 0.25 0.00 797 0.571 0.711 19.7 
N 14.75 2.25 0.00 646 0.571 0.588 2 9 
15.75 3.25 0.00 456 0.571 0.585 . 2.4 
13.50 10.50 0.00 1000 0.571 0.556 2.6 
.9 13.50 11.50 0.00 999 0.571 0.555 3.0 
13.00 11.00 0.00 991 0.571 0.555 3.0 
11.00 5.00 0.00 614 0.571 0.552 3.5 
A 13.00 23.00 0.00 346 0.571 0.558 2.3 
PWRT stands for 'perMillage with respect to'. 
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2.8.4.11 COMPARISON OF EXAMPLES 1 AND 15 
Now, consider the grid of Example 15. This grid is the same as that of Example 1, 
except for the central part of it which is removed. Table 2.18 shows that the percentage 
errors increase as a part of the grid is removed. 
Component Percentage Error for 
Example 1 
Percentage Error for 
Example 15 
Bending Moment 0.66 3.9 
Deflection 0.53 1.4 
Table 2.18 
2.8.4.12 EXAMPLES 16 TO 19 
Examples 16 to 19 have been chosen to study the reliability of the concept of material 
dilution, as discussed in section 2.5. All the five samples for bending moments, shear 
forces and torques, shown in tables for Examples 16 to 19, are for diluted members. The 
diluted member as shown by thick lines in the diagrams above the tables for Examples 
16 to 19. Therefore, the relative density for these members are equal to one, as 
discussed in section 2.5. The results shown in the tables for Examples 16 to 19 indicate 
that the behaviour of grids with diluted members can be predicted with good accuracy 
using the renection method together with the rule for the consideration of the diluted 
members, as discussed in section 2.5. 
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8L 
Example 15: 
16: 
Loading: The load is applied at 
the nonboundary joints. 
Supports: Simply supprted at all the 
external boundary joints 
and the indicated internal 
boundary joints. 
Number of 
Joints 
Number of 
Members 
Load 
kN 
E 
kN/sq. mm 
Relative 
Density 
Section 
Particulars 
Structure 864 1632 1 1 - I=1 
Renecture 1 672 1260 1.333 1 0.875 I=1 
Renecture 2 504 936 1.867 1 0.750 I=1 
Renecture 3 360 660 2.800 1 0.625 1=1 
Coordinates of points PWRT Esti- Actual Perce- 
St d i ru. mate Rat o ntage 
X Y Z Ratio Error 
8.00 8.50 0.00 1000 0.875 0.968 9.6 
16.00 4.50 0.00 622 0.875 0.882 0.8 
9.00 4.50 0.00 615 0.875 0.886 1.3 
0 28.50 10.00 0.00 592 0.875 0.881 0.7 
5.50 13.00 0.00 411 0.875 0.824 6.2 
8.00 7.50 0.00 1000 1.000 - 0.0 
8.00 15.50 0.00 460 1.000 - 0.0 
con 8.00 8.50 0.00 453 1.000 - 0.0 
4.00 16.00 0.00 1000 0.875 0.891 1.7 
:0 4.00 15.00 0.00 993 0.875 0.889 1.5 4.00 14.00 0.00 976 0.875 0.888 1.5 
2.00 12.00 0.00 661 0.875 0.875 0.0 
13.00 31.00 0.00 364 0.875 0.961 8.9 
PWRT stands for 'permillage with respect to'. 
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aua.. ava" a+a+ 
Coordinates of points PWRT Esti- Actual Perce- 
St t d R ti t ru. ma e a o n age 
X Y Z Ratio Error 
8.00 8.50 0.00 1000 0.750 0.945 20.6 
16.00 4.50 0.00 622 0.750 0.737 1.8 
9.00 4.50 0.00 615 0.750 0.754 0.5 
4.50 10.00 0.00 572 0.750 0.739 1.5 0 
29.50 17.00 0.00 497 0.750 0.773 3.0 
N 
w 8.00 7.50 0.00 1000 1.000 - 0.0 
8.00 15.50 0.00 460 1 000 - 0.0 v 
8.00 8.50 0.00 453 . 1.000 - 0.0 
94 4.00 16.00 0.00 1000 0.750 0.738 1.6 
4.00 15.00 0.00 993 0.750 0.752 0.2 
4.00 14.00 0.00 976 0.750 0.750 0.0 
2.00 10.00 0.00 658 0.750 0.699 7.4 
12.00 7.00 0.00 494 0.750 0.777 3.5 
8.00 8.50 0.00 1000 0.625 0.937 33.3 
16.00 4.50 0.00 622 0.625 0.613 1.9 
9.00 4.50 0.00 615 0.625 0.629 0.7 
0 9.00 4.50 0.00 615 0.625 0.629 0.7 
18.00 2.50 0.00 497 0.625 0.596 4.8 
N 8.00 7.50 0.00 1000 1.000 - 0.0 
8.00 15.50 0.00 460 1.000 - 0.0 N 8.00 8.50 0.00 453 1.000 - 0.0 
4.00 16.00 0.00 1000 0.625 0.635 1.6 
"' 4.00 15.00 0.00 993 0.625 0.635 1.5 
4.00 14.00 0.00 976 0.625 0.631 1.0 
12.00 2.00 0.00 661 0.625 0.623 0.3 
7.00 12.00 0.00 494 0.625 0.642 2.7 
PWRT stands for 'permillage with respect to'. 
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Example 16: 
Loading: The load is applied at all 
the nonboundary joints. 16i 
Supports: The indicated boundary 
joints are supported as follows: 
O Column support 
A Fixed support 
Number of 
Joints 
Number of 
Members 
Load 
kN 
E 
kN/sq. mm 
Relative 
Density 
Section 
Particulars 
B 
00 
200 IPB 600 
I 
Structure 1089 2112 1.0 
200 INP 20 
B 175 
0 875 
IPB 600 
I 
Renecture 1 841 1624 1.312 
200 
. INP 20 
B 150 
750 0 
IPB 600 
I 
Renecture 2 576 1200 1.797 
200 
. INP 20 
B 
2 10 
125 
0 625 
IPB 600 
I 
Renecture 3 441 840 .6 200 . INP 20 
B stands for 'boundary and central members' and I for 'internal members'. 
Coordinates of points PWRT Esti- Actual Perce- 
St d t R ti nta e ru. ma e a o g 
X Y Z Ratio Error 
16000.00 15500.00 0.00 1000 1.000 1.025 2.4 
16000.00 14500.00 0.00 679 1.000 1.081 7.5 
5 16000.00 6500.00 0.00 668 1.000 0.996 0.4 
o 16000.00 3500.00 0.00 524 1.000 1.090 8.2 
17500.00 16000.00 0.00 324 1.000 1.068 6.4 
16000.00 15500.00 0.00 1000 1.000 1.006 0.6 
16000.00 14500.00 0.00 916 1.000 1.011 1.1 
16000.00 13500.00 0.00 829 1.000 1.020 2.0 
16000.00 12500.00 0.00 734 1.000 1.018 1.8 
16000.00 9500.00 0.00 400 1.000 0.943 6.1 
0.00 500.00 0.00 1000 1.000 1.039 3.8 
500.00 0.00 0.00 999 1.000 1.040 3.8 
0.00 1500.00 0.00 935 1.000 1.054 5.1 
H 0.00 11500.00 0.00 572 1.000 1.031 3.0 
12500.00 16000.00 0.00 417 1.000 1.060 5.6 
7000.00 8000.00 0.00 1000 0.875 0.878 0.3 
7000.00 7000.00 0.00 998 0.875 0.877 0.2 
6000.00 8000.00 0.00 982 0.875 0.883 0.9 
7000.00 12000.00 0.00 673 0.875 0.900 2.8 
1 15000.00 13000.00 0.00 491 0.875 0.862 1.5 
PWRT stands for 'permillage with respect to'. 
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Coordinates of points PWRT Esti- Actual Perce- 
St d t R ti t ru. ma e a o n age 
X Y Z Ratio Error 
16000.00 15500.00 0.00 1000 1.000 1.074 6.9 
16000.00 14500.00 0.00 679 1.000 1.089 8.2 
16000.00 6500.00 0.00 668 1.000 1.002 0.2 
16000.00 3500.00 0.00 524 1.000 1.036 3.4 0 
17500.00 16000.00 0.00 324 1.000 1.064 6.0 
16000.00 15500.00 0.00 1000 1.000 1.022 2.2 
16000.00 14500.00 0.00 916 1.000 1.010 1.0 
16000.00 13500.00 0.00 829 1.000 0.963 3.8 
16000.00 11500.00 0.00 630 1.000 1.014 1.4 
15500.00 16000.00 0.00 445 1.000 1.009 0.9 
0.00 500.00 0.00 1000 1.000 1.042 4.1 
C 500.00 0.00 0.00 999 1.000 1.043 4.2 
E, 0.00 1500.00 0.00 935 1.000 1.057 5.4 
32000.00 15500.00 0.00 654 1.000 1.018 1.7 
2500.00 16000.00 0.00 453 1.000 1.001 0.1 
7000.00 8000.00 0.00 1000 0.750 0.755 0.6 
7000.00 7000.00 0.00 998 0.750 0.754 0.5 
6000.00 8000.00 0.00 982 0.750 0.755 0.7 
7000.00 12000.00 0.00 673 0.750 0.781 4.0 
5000.00 13000.00 0.00 491 0.750 0.751 0.1 
16000.00 15500.00 0.00 1000 1.000 1.148 12.9 
16000.00 14500.00 0.00 679 1.000 0.923 8.4 
16000.00 6500.00 0.00 668 1.000 1.002 0.2 
16000.00 4500.00 0.00 610 1.000 1.022 2.1 0 
16000.00 9500.00 0.00 451 1.000 0.981 2.0 
16000.00 15500.00 0.00 1000 1.000 1.051 4.9 
16000.00 14500.00 0.00 916 1.000 0.971 3.0 
16000.00 13500.00 0.00 829 1.000 0.965 3.6 
a .0 16000.00 11500.00 0.00 630 1.000 0.942 6.2 
15500.00 16000.00 0.00 445 1.000 1.051 4.8 
0.00 500.00 0.00 1000 1.000 1.050 4.7 
500.00 0.00 0.00 999 1.000 1.052 4.9 
0.00 1500.00 0.00 935 1.000 1.035 3.4 
10 32000.00 3500.00 0.00 679 1.000 1.078 7.2 
' 
127500.00 0.00 0.00 465 1.000 0.936 6.9 
ö 7000.00 8000.00 0.00 1000 0.625 0.626 0.2 
7000.00 7000.00 0.00 998 0.625 0.632 1.1 
6000.00 8000.00 0.00 982 0.625 0.623 0.2 
6000.00 3000.00 0.00 611 0.625 0.647 3.4 
QQ 3000.00 3000.00 0.00 422 0.625 0.643 2.9 
PWRT stands for 'permillage with respect to'. 
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Example 17: -I 
Loading: The load is applied at 
all nonboundary joints. 161 
Supports: The indicated boundary 
joints are supported as follows: 
Column support 
Fixed support 
Number of 
Joints 
Number of 
Members 
Load 
kN 
E 
kN/sq. mm 
Relative 
Density 
Section 
Particulars 
B 
1 500 0 
200 IPB 500 
I 
Structure 1089 12 2 . 200 IPE 22 
B 
1 8 1 6 659 0 
175 
875 0 
IPB 500 
I 
Renecture 4 24 1 . 200 
. IPE 22 
t 2 576 200 908 0 
150 
0 750 
IPB 500 
I 
ure Renec 1 . 200 . IPE 22 
B 
3 1 331 
125 
0 625 
IPB 500 
I 
Renecture" 44 840 1. 
200 . IPE 22 
B stands for'boundary and central members' and I for 'internal members'. 
Coordinates of points PWRT Esti- Actual Perce- 
St t d R ti t ru. ma e a o age n 
X Y Z Ratio Error 
16000.00 15500.00 0.00 1000 1.000 0.989 1.1 
16000.00 14500.00 0.00 998 1.000 0.990 1.1 
16000.00 18500.00 0.00 993 1.000 0.991 0.9 
16000.00 27500.00 0.00 550 1.000 1.023 2.2 
3500.00 16000.00 0.00 444 1.000 0.957 4.4 
16000.00 31500.00 0.00 1000 1.000 0.992 0.8 
500.00 16000.00 0.00 997 1.000 0.992 0.8 
16000.00 500.00 0.00 993 1.000 0.999 0.1 
16000.00 27500.00 0.00 726 1.000 0.972 2.9 
115500.00 32000.00 0.00 337 1.000 1.018 1.7 
1 
0.00 500.00 0.00 1000 1.000 1.039 3.7 
500.00 0.00 0.00 997 1.000 1.038 3.7 
0.00 1500.00 0.00 916 1.000 1.041 4.0 
32000.00 4500.00 0.00 691 1.000 1.011 1.1 
24500.00 0.00 0.00 440 1.000 1.015 1.4 
16000.00 16000.00 0.00 1000 0.875 0.865 1.1 
16000.00 17000.00 0.00 996 0.875 0.866 1.0 
15000.00 16000.00 0.00 996 0.875 0.866 1.0 
8000.00 24000.00 0.00 577 0.875 0.866 1.1 
6000.00 9000.00 0.00 500 0.875 0.875 0.0 
PWRT stands for 'permillage with respect to'. 
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Coordinates of points PWRT Esti- Actual Perce- 
S d tru. mate Ratio ntage 
X Y Z Ratio Error 
16000.00 15500.00 0.00 1000 1.000 0.974 2.7 
16000.00 14500.00 0.00 998 1.000 0.976 2.7 
16000.00 18500.00 0.00 993 1.000 0.974 2.7- 
0 16000.00 26500.00 0.00 644 1.000 0.949 5.4 
28500.00 16000.00 0.00 444 1.000 1.016 1.6 
16000.00 31500.00 0.00 1000 1.000 0.982 1.8 
500.00 16000.00 0.00 997 1.000 0.982 1.8 
16000.00 500.00 0.00 993 1.000 1.009 0.9 
N 16000.00 5500.00 0.00 642 1.000 1.006 0.5 
16000.00 7500.00 0.00 468 1.000 0.946 5.7 
0.00 500.00 0.00 1000 1.000 1.037 3.6 
500.00 0.00 0.00 997 1.000 1.037 3.6 
0.00 1500.00 0.00 916 1.000 1.025 2.5 
EO 0.00 26500.00 0.00 597 1.000 1.032 3.1 
0.00 24500.00 0.00 442 1.000 0.987 1.4 
ö 16000.00 16000.00 0.00 1000 0.750 0.730 2.7 
16000.00 17000.00 0.00 996 0.750 0.733 2.4 
15000.00 16000.00 0.00 996 0.750 0.733 2.4 
8000.00 21000.00 0.00 677 0.750 0.722 3.9 
13000.00 28000.00 0.00 395 0.750 0.769 2.5 
16000.00 15500.00 0.00 1000 1.000 0.953 4.9 
16000.00 14500.00 0.00 998 1.000 0.954 4.8 
S 16000.00 18500.00 0.00 993 1.000 0.953 5.0 
0 16000.00 5500.00 0.00 642 1.000 0.943 6.0 
16000.00 28500.00 0.00 445 1.000 0.910 9.9 
16000.00 31500.00 0.00 1000 1.000 0.968 3.3 
500.00 16000.00 0.00 997 1.000 0.968 3.3 
16000.00 500.00 0.00 993 1.000 0.967 3.4 
M N 16000.00 5500.00 0.00 642 1.000 0.964 3.7 
7500.00 16000.00 0.00 467 1.000 0.914 9.4 
0.00 500.00 0.00 1000 1.000 1.034 3.3 
500.00 0.00 0.00 997 1.000 1.034 3.3 
01 0.00 1500.00 0.00 916 1.000 0.988 1.2 
H 4500.00 32000.00 0.00 669 1.000 0.969 3.2 
24500.00 32000.00 0.00 441 1.000 0.951 5.2 
ö 16000.00 16000.00 0.00 1000 0.625 0.596 4.9 
16000.00 17000.00 0.00 996 0.625 0.599 4.3 
15000.00 16000.00 0.00 996 0.625 0.599 4.3 
14000.00 7000.00 0.00 645 0.625 0.606 3.1 
8000.00 26000.00 0.00 472 0.625 0.608 2.8 
PWRT stands for 'permillage with respect to'. 
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Example 18: 
Loading: The load is applied at 14 
the nonboundary joints. 
Supports: Column supported at the 
indicated boundary joints. 
Number of 
Joints 
Number of 
Members 
Load 
kN 
E 
kN/sq. mm 
Relative 
Density 
Section 
Particulars 
B 
t 1625 
200 IPB 450 
D 
ure Struc 3304 0.200 
200 INP 20 
B 
1 R t 1201 
171.43 IPB 450 
D 
ure enec 2448 0.274 
200 
0.857 
INP 20 
B 
2 R t 841 
142 IPB 450 
D 
enec ure 1720 0.398 
200 
0.714 
INP 20 
B 
t 3 R 545 
115 IPB 450 
D 
enec ure. 1120 0.630 
200 
0.571 
INP 20 
B stands for 'boundary and central members' and D for 'diagonal members'. 
Coordinates of points PWRT Esti- Actual Perce- 
St d ru. mate Ratio ntage 
X Y Z Ratio Error 
10500.00 14000.00 0.00 1000 1.000 0.996 0.4 
11500.00 14000.00 0.00 996 1.000 0.993 0.7 
9500.00 14000.00 0.00 995 1.000 0.994 0.6 
3500.00 14000.00 0.00 596 1.000 1.024 2.4 
16000.00 2500.00 0.00 327 1.000 0.987 1.8 
500.00 14000.00 0.00 1000 1.000 1.039 3.7 
1500.00 14000.00 0.00 878 1.000 0.950 5.2 
2500.00 14000.00 0.00 771 1.000 0.987 1.3 
3500.00 14000.00 0.00 658 1.000 0.971 3.0 
0.00 18500.00 0.00 466 1.000 0.981 2.0 
500.00 0.00 0.00 1000 1.000 0.993 0.7 
1500.00 0.00 0.00 991 1.000 1.001 0.1 
2500.00 0.00 4.00 947 1.000 1.003 0.3 
0.00 21500.00 0.00 662 1.000 0.984 1.6 
28000.00 8500.00 0.00 483 1.000 1.038 3.7 
ö 14000.00 14000.00 0.00 1000 0.857 0.852 0.6 
"2 13500.00 13500.00 0.00 997 0.857 0.853 0.5 
13000.00 14000.00 0.00 995 0.857 0.852 0.5 
5000.00 17000.00 0.00 554 0.857 0.854 0.4 
1 14000.00 
10000.00 0.00 453_ 
1 
0.857 0.864 0.8 
PWRT stands for 'permillage with respect to'. 
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Coordinates of points PWRT Esti- Actual Perce- 
St d i ru. mate Rat o ntage 
X Y Z Ratio Error 
10500.00 14000.00 0.00 1000 1.000 0.985 1.5 
11500.00 14000.00 0.00 996 1.000 0.987 1.3 
9500.00 14000.00 0.00 995 1.000 0.990 1.0 
o 24500.00 14000.00 0.00 596 1.000 0.987 1.3 
14000.00 2500.00 0.00 455 1.000 1.069 6.4 
500.00 14000.00 0.00 1000 1.000 1.024 2.3 
1500.00 14000.00 0.00 878 1.000 0.996 0.4 
C, U 2500.00 14000.00 0.00 771 1.000 0.958 4.4 N 3500.00 14000.00 0.00 658 1.000 0.985 1.6 
9500.00 28000.00 0.00 466 1.000 1.033 3.2 
500.00 0.00 0.00 1000 1.000 0.985 1.6 
1500.00 0.00 0.00 991 1.000 0.995 0.5 
2500.00 0.00 0.00 947 1.000 0.974 2.7 
0.00 21500.00 0.00 662 1.000 0.965 3.6 
8500.00 0.00 0.00 483 1.000 1.009 0.9 
14000.00 14000.00 0.00 1000 0.714 0.704 1.4 
". 13500.00 13500.00 0.00 997 0.714 0.706 1.1 
13000.00 14000.00 0.00 995 0.714 0.706 1.1 
13500.00 21500.00 0.00 690 0.714 0.698 2.2 
A1 1 5000.00 7000.00 0.00 469 0.714 0.691 3.3 
10500.00 14000.00 0.00 1000 1.000 0.975 2.6 
11500.00 14000.00 0.00 996 1.000 0.970 3.1 
S 9500.00 14000.00 0.00 995 1.000 0.970 3.1 
0 24500.00 14000.00 0.00 596 1.000 0.990 1.0 
14000.00 25500.00 0.00 455 1.000 0.942 6.2 
500.00 14000.00 0.00 1000 1.000 1.039 3.7 
1500.00 14000.00 0.00 878 1.000 0.950 5.2 
M cl 2500.00 14000.00 0.00 771 1.000 0.987 1.3 
0 4500.00 14000.00 0.00 545 1.000 0.946 5.7 
28000.00 8500.00 0.00 391 1.000 1.041 3.9 
500.00 0.00 0.00 1000 1.000 0.971 3.0 
1500.00 0.00 0.00 991 1.000 0.973 2.8 
F 2500.00 0.00 0.00 947 1.000 0.973 2.8 
F0 28000.00 6500.00 0.00 662 1.000 0.941 6.3 
19500.00 0.00 0.00 483 1.000 0.939 6.5 
ä 14000.00 14000.00 0.00 1000 0.571 0.558 2.3 
13500.00 13500.00 0.00 997 0.571 0.560 1.9 
13000.00 14000.00 0.00 995 0.571 0.561 1.7 
7000.00 10000.00 0.00 698 0.571 0.560 2.0 
6000.00 5000.00 0.00 427 
_1 
0.5711 0.569 0.4 11 
PWRT stands for 'permillage with respect to'. 
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Example 19: 
Loading: The load is applied at 20 joints within the shaded area. 
Supports: The indicated boundary 
joints are supported as follows: 
O Column support 
A Fixed support 
Number of 
Joints 
Number of 
Members 
Load 
kN 
E 
kN/sq. mm 
Relative 
Density 
Section 
Particulars 
B 
1251 500 0 
200 IPB 450 
D 
Structure 2550 . 200 INP 20 
B 
t R 1 8 97 
160 
0 8 
IPB 450 
D 
enec ure 09 1656 0.7 
200 . 
00 
INP 20 
B 
t 2 R 463 453 1 
120 
0 600 
IPB 450 
D 
enec ure 954 . 200 . INP 20 
B 
t 3 R 21 463 3 
80 
0 400 
IPB 450 
D 
enec ure 3 444 . 200 . INP 20 
B stands for'boundary and central members' and D for 'diagonal members'. 
Coordinates of points PWRT Esti- Actual Perce- F 
Stru m t d R ti t . a e a o n age X y z Ratio Error 
15000.00 6500.00 0.00 1000 1.000 0.994 0.6 
15000.00 7500.00 0.00 998 1.000 1.000 0.0 
15000.00 8500.00 0.00 964 1.000 0.988 1.2 
15000.00 11500.00 0.00 683 1.000 1.027 2.6 
' 7500.00 10000.00 0.00 403 1.000 1.002 0.2 
15000.00 500.00 0.00 1000 1.000 1.011 1.1 
15000.00 1500.00 0.00 864 1'. 000 1.022 2.2 
15000.00 2500.00 0.00 714 1.000 0.994 0.6 
15000.00 3500.00 0.00 551 1.000 0.941 6.3 
14500.00 0.00 0.00 394 1.000 1.010 1.0 
0.00 500.00 000 1000 1.000 1.072 6.7 
04 a 500.00 0.00 0.00 997 1.000 1.071 6.6 
1500.00 0.00 0.00 780 1.000 1.047 4.5 
EO 27500.00 0.00 0.00 652 1.000 1.017 1.6 
24500.00 0.00 0.00 394 1.000 1.049 4.7 
ö 13500.00 8500.00 0.00 1000 0.800 0.797 0.4 
14000.00 9000.00 0.00 999 0.800 0.797 0.4 
12500.00 8500.00 0.00 999 0.800 0.797 0.4 
7500.00 11500.00 0.00 679 0.800 0.798 0.3 
1 17500.00 15500.00 0: 00 397 
0.800 0.780 2.6 
_jj PWRT stands for 'permillage with respect to'. 112 
Coordinates of points PWRT Esti- Actual Perce- 
S d i tru. mate Rat o ntage 
X Y Z Ratio Error 
15000.00 6500.00 0.00 1000 1.000 1.001 0.1 
15000.00 7500.00 0.00 998 1.000 0.982 1.8 
15000.00 8500.00 0.00 964 1.000 1.011 1.1 
o 15000.00 11500.00 0.00 683 1.000 0.943 6.0 
20500.00 10000.00 0.00 390 1.000 0.980 2.0 
15000.00 500.00 0.00 1000 1.000 1.034 3.3 
15000.00 1500.00 0.00 864 1.000 0.977 2.4 
15000.00 2500.00 0.00 714 1.000 0.973 2.8 
N 15000.00 3500.00 0.00 551 1.000 1.069 6.4 11500.00 0.00 0.00 322 1.000 1.043 4.1 
0.00 500.00 0.00 1000 1.000 1.121 10.8 
C4 500.00 0.00 0.00 997 1 000 1.116 10.4 
1500.00 0.00 0.00 780 . 1.000 0.947 5.6 
EO 27500.00 0.00 0.00 652 1.000 0.998 0.2 
24500.00 0.00 0.00 394 1.000 1.050 4.8 
ö 13500.00 8500.00 0.00 1000 0.600 0.593 1.3 
"Z: 14000.00 9000.00 0.00 999 0.600 0.591 1.5 
12500.00 8500.00 0.00 999 0.600 0.593 1.2 
8500.00 12500.00 0.00 672 0.600 0.587 2.2 
13000.00 16000.00 0.00 491 0.600 0.584 2.8 
15000.00 6500.00 0.00 1000 1.000 0.962 4.0 
15000.00 7500.00 0.00 998 1.000 0.989 1.1 
E 15000.00 8500.00 0.00 964 1.000 0.984 1.6 
0 15000.00 11500.00 0.00 683 1.000 0.944 5.9 
6500.00 10000.00 0.00 392 1.000 0.993 0.8 
15000.00 500.00 0.00 1000 1.000 1.073 6.8 
15000.00 1500.00 0.00 864 1.000 0.911 9.8 
cl 15000.00 2500.00 0.00 714 1.000 0.960 4.2 
15000.00 3500.00 0.00 551 1.000 1.020 2.0 
12500.00 0.00 0.00 376 1.000 1.059 5.6 
0 0.00 500.00 0.00 1000 1.000 1.211 17.4 
500.00 0.00 0.00 997 1.000 1.189 15.9 
1500.00 0.00 0.00 780 1.000 0.918 9.0 
0 2500.00 0.00 0.00 652 1.000 0.926 8.0 
5500.00 0.00 0.00 394 1.000 1.027 2.6 
13500.00 8500.00 0.00 1000 0.400 0.388 3.0 
14000.00 9000.00 0.00 999 0.400 0.389 2.9 
12500.00 8500.00 0.00 999 0.400 0.389 2.9 
6000.00 9000.00 0.00 699 0.400 0.390 2.5 
3500.00 7500.00 0.00 488 0.400 0.417 4.1 
PWRT stands for 'permillage with respect to'. 
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2.8.4.13 EXAMPLES 20 TO 24 
Finally, Examples 20 to 24 are chosen to study the reliability of the renection method for 
three way grids with hexagonal and triangular boundary shapes. The results show that 
the errors increase from hexagon to triangle. 
The grids of Examples 21 and 24 have the same boundary shapes and support 
conditions. However, distributed load is applied in the case of Example 21 and a single 
concentrated load is applied at the central joint of the grid of Example 24. Table 2.19 
shows that the percentage error for the bending moment in Example 21 is less than that 
for Example 24. However, as far as the deflection is concerned, the situation is reversed. 
That is the error for the case of Example 24 is less than that for Example 21. 
Component Percentage Error for 
Example 21 
Percentage Error for 
Example 24 
Bending Moment 2.63 5.83 
Deflection 1.76 1.13 
Table 2.19 
2.8.4.14 COMPARISON OF EXAMPLES 7,8,21 AND 22 
In order to investigate the effects of the boundary shapes on the percentage error and 
the acceptable range of density reduction for some particular shapes, consider the grids 
of Examples 7,8,21 and 22, shown in Fig. 2.39. All these grids are under loading over 
the entire area. Figs. 2.40 and 2.41 show the relationships between the density factor 
and the percentage error for bending moment and deflection for grids of Examples 7,8, 
21 and 22, respectively. The value of. percentage errors in Figs. 2.40 and 2.41 are the 
average of percentage errors for the three highest values of bending moment and 
deflection, as appropriate. 
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Figs. 2.40 and 2.41 show that the accuracy decrease when the boundary changes from 
square to rectangle, hexagon and triangle, progressively. In order to demonstrate this 
effect, assume a density factor equal to 0.75 for all grids. Fig. 2.40 represents the 
relationship between the density factor and the percentage errors for the bending 
moments. For f=0.75 the percentage errors for bending moments are as follows: 
1. percentage error for Example 7 (square) is 1.8%, 
2. percentage error for Example 8 (rectangle) is 1.8%, 
3. percentage error for Example 21 (hexagon) is 3.8% and 
4. percentage error for Example 22 (triangle) is 4.2%. 
Fig. 2.41 shows the relationship between the density factor and the percentage error for 
deflections. For a density factor f=0.75, the percentage errors for deflections are as 
follows: 
1. percentage error for Example 7 (square) is 1.7%, 
2. percentage error for Example 8 (rectangle) is 2.3%, 
3. percentage error for Example 21 (hexagon) is 5.5% and 
4. percentage error for Example 22 (triangle) is 6.5%. 
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Example 7 
Example 21 
Example 8 
Example 22 
Fig. 2.39 
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Example 20: 
Loading: The load is applied at 
the nonboundary joints. 
Supports: Simply supported at 
all the boundary joints. 
Number of members: 1560 
Number of joints: 547 
Coordinates of points PWRT Esti- Actual Perce- 
St t d R ti ru. ma e a o ntage 
x Y Z Ratio Error 
6.75 0.43 0.00 1000 0.846 0.812 4.2 
7.25 0.43 0.00 598 0.846 1.005 15.8 
7.25 1.30 0.00 579 0.846 0.900 6.0 
0 6.25 1.30 0.00 578 0.846 0.842 0.4 
12.25 10.83 0.00 440 0.846 0.847 0.1 
6.25 0.43 0.00 1000 0.846 0.828 2.1 
5.25 2.16 0.00 216 0.846 1.411 40.1 
0 7.25 1.30 0.00 208 0.846 0.964 12.2 . X- 25.25 9.96 0.00 162 0.846 0.779 8.6 
94 6.75 1.30 0.00 130 0.846 0.795 6.5 
13.00 11.26 0.00 1000 0.846 0.851 0.5- 
12.00 11.26 0.00 990 0.846 0.854 0.9 
11.50 10.39 0.00 971 0.846 0.856 1.2 
11.00 11.26 0.00 961 0.846 0.857 1.3 
A 10.50 10.39 0.00 933 0.846 0.856 1.2 
6.75 0.43 0.00 1000 0.692 0.842 17.8 
[ 7.25 0.43 0.00 598 0.692 0.871 20.5 
6 7.25 1.30 0.00 579 0.692 0.699 1.0 
o 6.25 1.30 0.00 578 0.692 0.731 5.3 
12.25 10.83 0.00 440 0.692 0.672 3.0 
6.25 0.43 0.00 1000 0.692 1.216 43.1 
5.25 2.16 0.00 216 0.692 1.815 61.9 
7.25 1.30 0.00 208 0.692 1.208 42.7 
8.00 22.52 0.00 162 0.692 0.497 65.5 
6.75 1.30 0.00 130 0.692 0.470 47.2 
13.00 11.26 0.00 1000 0.692 0.670 3.2 
12.00 11.26 0.00 990 0.692 0.676 2.4 
LU 
11.50 10.39 0.00 971 0.692 0.675 2.5 
44 11.00 11.26 0.00 961 0.692 0.671 3.1 
q 10.50 10.39 0.00 933 0.692 0.676 2.4 
PWRT stands for 'permillage with respect to'. 
its 
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Example 21: 
Loading: The load is applied at 
the nonboundary joints. 
Supports: Column supported at the 
indicatd boundary joints. 
Number of members: 1560 
Number of joints: 547 
Coordinates the points PWRT Esti- Actual Perce- 
St d R i t ru. mate at o n age 
X Y Z Ratio Error 
3.25 5.63 0.00 1000 0.846 0.862 1.9 
12.00 0.00 0.00 977 0.846 0.870 2.7 
3.75 6.49 0.00 908 0.846 0.875 3.3 
4.25 3.90 0.00 907 0.846 0.890 4.9 
1 14.75 4.76 0.00 861 0.846 0.879 3.7 
6.25 0.43 0.00 1000 1.000 - 0.0 
8.00 0.00 0.00 664 0.846 0.996 13.4 
5.25 2.16 0.00 478 0.846 1.049 17.1 
10.00 0.00 0.00 339 0.846 0.932 7.2 
6.75 1.30 0.00 303 0.846 0.864 2.0 
13.00 11.26 0.00 1000 0.846 0.859 1.5 
12.00 11.26 0.00 994 0.846 0.861 1.8 
11.50 10.39 0.00 981 0.846 0.863 2.0 
11.00 11.26 0.00 974 0.846 0.864 2.0 
1 10.50 
1 10.39 0.00 955 0.846 0.863 2.0 
3.25 5.63 0.00 1000 0.692 0.662 4.2 
12.00 0.00 0.00 977 0.692 0.652 6.1 
3.75 6.49 0.00 908 0.692 0.722 4.1 
0 4.25 3.90 0.00 907 0.692 0.623 11.0 
4.75 4.76 0.00 861 0.692 0.617 12.1 
6.25 0.43 0.00 1000 1.000 - 0.0 
8.00 0.00 0.00 664 0.692 0.934 25.9 
5.25 2.16 0.00 478 0.692 0.956 27.5 
X- 10.00 0.00 0.00 339 0.692 0.782 11.5 
6.75 1.30 0.00 303 0.692 0.532 30.0 
13.00 11.26 0.00 1000 0.692 0.745 7.3 
.0 12.00 11.26 0.00 994 0.692 0.755 8.3 11.50 10.39 0.00 981 0.692 0.745 7.3 
11.00 11.26 0.00 974 0.692 0.606 14.2 
10.50 10.39 0.00 955 0.692 0.609 13.7' 
PWRT stands for 'permillage with respect to'. 
119 
Example 22: 
Loading: The load is applied a 
the nonboundary joints. 
Supports: Column supported at 
indicated boundary joint 
Number of members: 975 
Number of joints: 351 
Coordinates of points PWRT Esti- Actual Perce- 
Stru mat d Ratio nta e . e g X Y Z Ratio Error 
6.75 11.69 0.00 1000 0.846 0.862 1.8 
64 7.25 10.83 0.00 997 0.846 0.864 2.0 
7.75 9.96 0.00 989 0.846 0.869 2.6 
8.25 9.09 0.00 974 0.846 0.873 3.1 0 
8.75 8.23 0.00 954 0.846 0.871 2.9 
12.75 1.30 0.00 1000 1.000 - 0.0 
12.25 2.16 0.00 831 0.846 1.048 17.1 
Cd 11.75 3.03 0.00 765 0.846 1.116 22.3 
11.25 3.90 0.00 701 0.846 1.069 18.6 
10.75 4.76 0.00 635 0.8461 1: 005 17.5 
12.50 15.59 0.00 1000 0.846 0.877 3.5 
° 12.00 14.72 0.00 998 0.846 0.877 3.6 
11.50 15.59 0.00 994 0.846 0.876 3.4 
11.00 14.72 0.00 990 0.846 0.876 3.4 
A 11.00 16.45 0.00 984 0.846 0.874 3.3 
6.75 11.69 0.00 1000 0.692 0.724 4.4 
7.25 10.83 0.00 997 0.692 0.730 5.1 
7.75 9.96 0.00 989 0.692 0.734 5.7 
o 8.25 9.09 0.00 974 0.692 0.727 4.9 
8.75 8.23 0.00 954 0.692 0.734 5.7 
12.75 1.30 0.00 1000 1.000 - 0.0 
12.25 2.16 0.00 831 0.692 0.924 25.1 
11.75 3.03 0.00 765 0.692 0.946 26.8 
11.25 3.90 0.00 701 0.692 1.051 34.0 
10.75 4.76 0.00 635 0.692 1.047 34.0 
12.50 15.59 0.00 1000 0.692 0.755 8.4 
.9 12.00 14.72 0.00 
998 0.692 0.755 8.3 
11.50 15.59 0.00 994 0.692 0.755 8.4 
11.00 14.72 0.00 990 0.692 0.755 8.4 
11.00 16.45 0.00 984 0.692 0.754 8.3 
PWRT stands for 'permillage with respect to'. 
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%bw 
Example 23: 
Loading: The load is applied at 
joints within the shaded 
area. 
Supports: Column supported at the 
indicated boundary joints. 
Number of members: 1560 
Number of joints: 547 
Load =1 
Number of members: 1122 
Number of joints: 397 
Load = 1.181 
Number of members: 756 
Number of joints: 271 
Load = 1.444 
. 
.... kW AAA-A 
.ü, 
° 
+dd, I 
i' 
.S 
'A ^ý U 
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Coordinates of points PWRT Esti- Actual Perce- 
Stru mated Ratio ntage . 
X Y Z Ratio Error 
3.25 5.63 0.00 1000 0.846 0.860 1.6 
3.75 4.76 0.00 979 0.846 0.868 2.6 
2.75 6.49 0.00 973 0.846 0.868 2.5 
12.25 10.83 0.00 959 0.846 0.845 0.1 
12.75 10.83 0.00 958 0.846 0.845 0.1 
0.25 10.83 0.00 1000 1.000 - 0.0 
6 25 0.43 0.00 966 1.000 - 0.0 . 
7.00 22.52 0.00 959 1.000 0.0 
0.75 9.96 0.00 664 0.864 1.017 16.2 
1 15.75 
1.30 0.00 640 0.864 1.014 16.0 
13.00 11.26 0.00 1000 0.846 0.849 0.3 
0 12.00 11.26 0.00 992 0.846 0.852 0.7 
11.50 10.39 0.00 977 0.846 0.853 0.8 
13.00 9.53 0.00 976 0.846 0.853 0.8 Ä 11.00 11.26 0.00 970 0.846 0.854 1.0 
3.25 5.63 0.00 1000 0.692 0.720 3.8 
3.75 4.76 0.00 979 0.692 0.735 5.8 
2.75 6.49 0.00 973 0.692 0.737 6.1 
12.25 10.83 0.00 959 0.692 0.697 0.8 0 
12.75 10.83 0.00 958 0.692 0.697 0.8 
0.25 10.83 0.00 1000 1.000 - 0.0 
6.25 0.43 0.00 966 1.000 - 0.0 
Cd 7.00 22.52 0.00 959 1.000 - 0.0 
0.75 9.96 0.00 664 0.692 0.929 25.5 
5.75 1.30 0.00 640 0.692 0.920 25.2 
13.00 11.26 0.00 1000 0.692 0.701 1.3 
0 12.00 11.26 0.00 992 0.692 0.705 1.9 
11.50 10.39 0.00 977 0.692 0.705 1.9 
13.00 9.53 0.00 976 0.692 0.705 1.8 
q 11.00 11.26 0.00 970 0.692 0.702 1.4 
PWRT stands for 'permillage with respect to'. 
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Example 24: 
Loading: Point load applied at 
the indicated joint. 
Supports: Column supported at 
the indicated boundary 
joints. 
Number of members: 1560 
Number of joints: 547 
Coordinates of points PWRT Esti- Actual Perce- 
St t d ti R ta ru. ma e a o ge n 
X Y Z Ratio Error 
12.25 10.83 0.00 1000 0.846 0.913 7.3 
12.75 10.83 0.00 976 0.846 0.891 5.1 
11.75 9.96 0.00 786 0.846 0.891 5.1 
12.75 9.96 0.00 738 0.846 0.877 3.5 0 
10.75 9.96 0.00 714 0.846 0.891 5.0 
12.75 10.83 0.00 1000 1.000 - 0.0 
6.25 0.43 0.00 471 1.000 - 0.0 
C, 12.75 9.96 0.00 353 0.864 0.946 8.6 
8.00 0.00 0.00 294 0.864 0.955 9.5 
5.25 2.16 0.00 235 0.864 1.186 26.6 
13.00 11.26 0.00 1000 0.846 0.852 0.7 
° 12.50 10.39 0.00 984 0.846 0.856 1.2 
13.00 9.53 0.00 958 0.846 0.859 1.5 
12.00 9.53 0.00 946 0.846 0.860 1.6 
A 12.50 8.66 0.00 913 0.846 0.858 1.4 
12.25 10.83 0.00 1000 0.692 0.808 14.3 
12.75 10.83 0.00 976 0.692 0.788 12.2 
11.75 9.96 0.00 786 0.692 0.727 4.8 
12.75 9.96 0.00 738 0.692 0.696 0.5 0 
. 
110.75 9.96 0.00 714 0.692 0.763 9.2 
12.75 10.83 0.00 1000 1.000 - 0.0 
6.25 0.43 0.00 471 1.000 - 0.0 
C, 12.75 9.96 0.00 353 0.692 0.781 11.3 
N 8.00 0.00 0.00 294 0.692 0.799 13.3 
5.25 2.16 0.00 235 0.692 0.856 19.0 
13.00 11.26 0.00 1000 0.692 0.702 1.5 
12.50 10.39 0.00 984 0.692 0.710 2.5 
13.00 9.53 0.00 958 0.692 0.708 2.2 
12.00 9.53 0.00 946 0.692 0.702 1.4 
A 12.50 8.66 0.00 913 0.692 0.708 2.2 
PWRT stands for 'permillage with respect to'. 
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CHAPTER THREE 
DYNAMIC BEHAVIOUR OF GRIDS 
3.1 INTRODUCTION 
This chapter provides an introduction to the application of the renection method in the 
analysis of the grids under dynamic loads and contains the results of the numerical 
studies carried out for this purpose. The approach presented here is based on 
transforming a complex grid into a similar grid with fewer members and nodes. The 
forces and displacements of the actual grid can then be predicted through the solution of 
a reduced grid under similar loading, support and boundary conditions. The primary 
aim of this chapter is to predict the dynamic behaviour of a grid from that of its 
renecture when subjected to an earthquake motion. 
3.2 DYNAMIC ANALYSIS 
Two basically different approaches are available for evaluating structural response to 
dynamic loads: 
1. Deterministic approach, 
2. Nondeterministic approach. 
The choice of the method to be used in any given case depends upon how the loading is 
defined. If the time variation of the loading is fully known, it will be referred to as a 
`prescribed dynamic loading'. The analysis of the response of any specified structural 
system to a prescribed dynamic loading is defined as a `deterministic analysis'. On the 
other hand, if the time variation is not completely known but can be defined in a 
124 
statistical sense, the loading is termed a `random dynamic loading'. A nondeterministic 
analysis, correspondingly, is the analysis of the response to a random dynamic loading. 
In general, the structural response to any dynamic loading is expressed basically in 
terms of displacements in the structure. Thus, a deterministic analysis leads to a 
displacement time history corresponding to the prescribed loading history. Other 
variables of the deterministic structure response, such as, stresses and strains are usually 
obtained as a secondary phase of the analysis from the previously established 
displacement patterns. On the other hand, a nondeterministic analysis provides statical 
information about the displacements which results from a statically defined loading. 
3.3 RESPONSE SPECTRUM (SEISMIC) ANALYSIS 
The dynamic equilibrium equations associated with the response of the structure to 
ground motion is given by 
MÜ+CO+KU = MÜ8 
where 
"M is the diagonal mass matrix, 
"C is the damping matrix, 
"K is the stiffness matrix and 
" Üg is the ground acceleration. 
(3.1) 
Also, 0,0 and U are the structural accelerations, velocities and displacements, 
respectively. The ground acceleration is input as a digitized response spectrum curve, 
spectral acceleration vs time period. The ground excitation can occur simultaneously in 
three directions. To get the maximum displacements and member forces, first the modal 
responses associated with a particular direction of excitation are calculated. The modal 
responses are then combined using the Complete Quadratic Combination technique. 
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3.4 RENECTION METHOD FOR DYNAMIC ANALYSIS OF GRIDS 
In order to predict the internal forces and displacements of a grid from its renecture, 
consider grids A and Ar shown in Fig. 3.1. Grid A and its renecture are column 
supported at the indicated points around the boundary nodes. Both grids have been 
considered to carry vertical uniformly distributed load with the magnitude of the total 
load being the same for both grids. The uniformly distributed load is assumed to be 
applied uniformly on a beam element. It is assumed that each beam element is 
supporting an equal area of the grids surface. 
Both grids are assumed to be subjected to the same earthquake motion. The acceleration 
is obtained from the smoothed averag-earthquake response spectra shown in Fig. 3.2, 
Ref [9]. Accelerations obtained from Fig. 3.2 for 12 different periods between 0.0 and 
2.8 seconds are shown in Table 3.1. Damping is assumed to be equal to 5%. Since grids 
only have one degree of freedom for translation in the vertical direction (perpendicular 
to the plane of the structure), the acceleration is assumed to occur only in the vertical 
direction. 
Table 3.2 contains various items of information relating to the structure and its 
renecture. The actual analysis of grids A and Ar and the results of comparison of 
bending moments, shear forces, torques and deflections for five highest values for grids 
A and Ar are given in Table 3.3. As it was described before, since shear forces for five 
highest value in grids A and Ar are near an isolated support, therefore, the density 
factor for shear forces in Table 3.3 is equal to one. The bending moments, shear forces, 
torques and deflections are obtained for the first mode shape. 
Figs 3.3 to 3.6 represents the bending moments, shear forces, torques and deflections at 
midpoints of the members. Each figure contains two plots with the top one being for the 
structure and the bottom one being for the renecture. It is seen from Figs 3.3 to 3.6 that 
the general manner of behaviour of grids A and Ar are very similar. That is, the bending 
moments, shear forces, torques, and deflections have the same manner of distribution in 
the two grids. These results confirm the reliability of renection method in the context of 
seismic analysis. 
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Fig. 3.1 
Grid A 
Grid Ar 
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2C 
IE 
16 
14 
12 
1C 
8 
6 
4 
2 
0 
1 
0%o 
2% 
--2 
40 
0.4 0.8 1.2 1.6 2.0 2.4 2.8 
Period, s 
Fig. 3.2 
Acceleration 
mm/s2 
1220 1769 1891 1830 1525 1220 1159 976 854 762 615 610 
Period, s 0.0 0.2 0.3 0.4 0.6 0.8 1.0 1.2 1.6 2.0 2.4 2.8 
Table 3.1 
Number Number of Load Modulus of Relative Section 
of Joints Members kg/m2 Elasticity Density Particulars 
kN/mm2 
Structure 1089 2112 200 200 
_ 
IPE 18 
Renecture 625 1089 200 200 0.75 IPE 18 
Table 3.2 
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Coordinates of Points PWRT Esti- Actual Percen- 
Structure mated Ratio tage 
X Y Ratio Error 
16000.0 15500.0 1000 0.75 0.75 0.3 
Bending 15500.0 15000.0 995 0.75 0.75 0.6 
Moment 16000.0 14500.0 990 0.75 0.75 0.7 
17000.0 14500.0 986 0.75 0.75 0.8 
15500.0 14000.0 981 0.75 0.75 0.3 
0.0 15500.0 1000 1.00 - 0.0 
Shear 0.0 8500.0 779 1.00 - 0.0 
Force 16000.0 500.0 668 1.00 - 0.0 
0.0 7500.0 656 1.00 - 0.0 
" 32000.0 14500.0 536 0.75 0.94 20.0 
0.0 4500.0 1000 0.75 0.75 0.8 
0.0 3500.0 999 0.75 0.75 0.1 
Torque 3500.0 1000.0 996 0.75 0.75 0.3 
4500.0 1000.0 995 0.75 0.75 1.2 
3000.0 500.0 994 0.75 0.75 0.1 
16000.0 16000.0 1000 0.75 0.752 0.2 
15000.0 16000.0 995 0.75 0.754 0.5 
Deflection 15000.0 17000.0 990 0.75 0.755 0.7 
14000.0 16000.0 981 0.75 0.753 0.4 
14000.0 17000.0 976 0.75 0.753 0.4 
PWRT stands for `permillage with respect to'. 
Table 3.3 
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So far, the application of the renection method for the seismic analysis has been 
demonstrated in terms of a grid with orthogonal member lines and for the first mode 
shape. Now, consider the grid B and its renecture Br shown in Fig. 3.7. Both of those 
grids are simply supported around the boundary nodes. Grids B and Br are considered 
to carry a vertical uniformly distributed load with the total load being the same for both 
grids. The uniformly distributed load is assumed to be applied uniformly on a beam 
element. Both grids are assumed to be in an earthquake motion with the same response 
spectra (Fig. 3.2). The accelerations are as shown in Table 3.1. Table 3.4 contains 
various items of information about grid B and its renecture. 
Grid B Grid Br 
Fig. 3.7 
The bending moments, shear forces, torques and deflections are obtained for the 
combination of mode shapes one, two and three. Table 3.5 shows the comparison of 
bending moments, shear forces, torques and deflections for the five highest values for 
grids B and Br. The results show the similarity of behaviour of grid B and its renecture 
Br. Figs. 3.8 to 3.11 represent the bending moments, shear forces, torques and 
deflections at the midpoints of the members for grids B and Br. It can be seen from 
these figures that the general manner of behaviour of grids B and Br are very similar. 
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Number Number of Load Modulus of Relative Section 
of Joints Members kg/m2 Elasticity Density Particulars 
kN/mm2 
Structure 1625 3248 200 200 
- 
IPE 20 
Renecture 841 1680 200 200 0.72 IPE 20 
Table 3.4 
Coordinates of points PWRT Esti- Actual Percen- 
Structure mated Ratio tage 
X Y Ratio Error 
2250.0 1750.0 1000 0.72 0.77 6.8 
Bending 3250.0 1750.0 987 0.72 0.77 7.3 
Moment 4250.0 1750.0 962 0.72 0.69 6.4 
24750.0 250.0 925 0.72 0.77 6.8 
23750.0 250.0 877 0.72 0.78 8.6 
12750.0 750.0 1000 0.72 0.77 7.0 
Shear 12250.0 250.0 985 0.72 0.76 6.3 
Force 10750.0 750.0 969 0.72 0.77 7.0 
10250.0 250.0 923 0.72 0.76 6.3 
9250.0 250.0 877 0.72 0.76 5.9 
500.0 0.0 1000 0.72 0.773 6.8 
1500.0 0.0 987 0.72 0.77 7.1 
Torque 2500.0 0.0 962 0.72 0.76 6.2 
3500.0 0.0 926 0.72 0.77 6.7 
4500.0 0.0 876 0.72 0.78 8.0 
14000.0 14000.0 1000 0.72 0.77 6.6 
14500.0 13500.0 997 0.72 0.773 6.9 
Deflection 14000.0 13000.0 994 0.72 0.774 7.0 
13000.0 13000.0 987 0.72 0.771 6.6 
14500.0 12500.0 989 0.72 0.772 6.7 
PWRT stands for `permillage with respect to'. 
Table 3.5 
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Fig. 3.8 136 
Grid B Bending Moment Factor = 4.10279E+00 kN mm 
Grid Br Bending Moment Factor= 5.31119E+00 kN mm 
Fig. 3.9 
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Grid B Shear Force Factor = 6.50000E-04 kN 
Grid Br Shear Force Factor = 8.40000E-04 kN 
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Grid B Torque Factor =1.42800E-02 kN mm 
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CHAPTER FOUR 
RENECTION METHOD FOR DOMES 
4.1 INTRODUCTION 
This chapter provides an introduction to the application of the renection method for 
predicting the behaviour of domes and contains the results of the numerical studies 
carried out for this purpose. The main objective of this chapter is to investigate the 
applicability to the renection method to different types of domes through various 
examples. As will be seen later, the results of these examples clearly show that the 
behaviour of a dome can be predicted approximately through the behaviour of a 
renecture of the dome with the degree of approximation lying within an acceptable 
range for design purposes. 
4.2 RENECTION OF DOMES 
The approach presented here is based on transforming a dense dome into a similar 
dome with fewer members and nodes. The response of the actual dome can then be 
predicted through the solution of the reduced dome under similar loading, support and 
boundary conditions. In order to illustrate the similarity of behaviour for a dome and its 
renecture, consider dome A shown in Fig. 4.1. The members of dome A are assumed to 
have the same geometric and material properties. This dome is fixed supported at all the 
outer boundary nodes and equal vertical concentrated loads are applied to all the 
nonsupported nodes. the term `fixed supported ' is used for a support that is restrained 
for three translations and three rotations. The dome has 24 member lines in both U2 and 
U3 direction, as shown in Fig. 4.1. 
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Now, let the dome Ar be obtained from dome A by removing one out of every four 
member lines in each direction. As will be shown later, this results in a density factor 
equal to 0.75. Dome Ar is assumed to be loaded and supported in the same fashion as 
dome A with the magnitude of the total load being the same. This reduced dome has the 
same interconnection pattern, member cross-sections, material properties and overall 
dimensions. Domes A and Ar are assumed to be rigid jointed. 
The actual analysis of domes A and Ar reveals that the expectation of a similar 
behaviour is well justified. Figs. 4.2 to 4.6 represent the axial forces, bending moments 
and deflections for domes A and Ar. 
Due to symmetry the results of the analysis are only shown for 1/4 of the dome. The 
factor which is given above each figure is F/100, where F is the maximum of internal 
forces or displacements, as appropriate. The ratio of internal forces to the maximum of 
the corresponding component is multiplied by 100 and is written over the members. In 
Fig. 4.6 the deflection at each joint of the dome is represented by a circle whose 
diameter varies with respect to the magnitude of the deflection. In addition, the ratio of 
each deflection to the maximum deflection is multiplied by 100 and written over the 
circle . 
The actual analysis of domes A and Ar and the results of comparison of axial forces, 
bending moments and deflections for the five highest values of each component in 
these domes are given in Table 4.2. Since the magnitude of shear forces in dome A and 
Ar are very low they are not compared in Table 4.2. These results confirm the reliability 
of the renection method for domes A and Ar. Table 4.1 contains the information used in 
the analysis of the structure and its renecture. This information consists of the number 
of joints, number of members, load magnitude, Young's modulus, relative density and 
cross-sectional properties. 
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=--- >U2, 
U3 
X 
Dome A 
Dome Ar 
Fig. 4.1 
142 
Dome A Axial Force Factor=1.59360E-01 kN 
Fig. 4.2 
143 
Dome Ar Axial Force Factor=2.13270E-01 kN 
Fig. 4.3 
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Dome A Moment(1-3 Plane) Factor=6.30420E-01 kN mm 
Fig. 4.4 
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Dome Ar Moment(1-3 Plane) Factor=8.67490E-01 kN mm 
Fig. 4.5 
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Number of 
Joints 
Number of 
Members 
Load 
kN 
E 
kN/sq. mm 
Relative 
Density 
Section 
Particulars 
Structure 600 1176 5 200 - CHS 108x4.5 
Renecture 342 666 8.89 200 0.75 CHS 108x4.5 
Table 4.1 
Coordinates of Points PWRT Esti- Actual Percen- 
Stru mated Ratio ta e . g X Y Z Ratio Error 
7558.43 0.00 6545.67 1000 0.750 0.751 0.1 
7350.79 0.00 6778.02 981 0.750 0.747 0.4 
F 7136.01 0.00 7003.79 965 0.750 0.741 1.3 
6914.29 0.00 7222.76 951 0.750 0.743 1.0 
1 16685.86 
0.00 7434.71 937 0.750 0.745 0.7 
1222.25 160.91 9922.39 1000 0.750 0.744 0.8 
1525.59 200.85 9878.83 825 0.750 0.723 3.8 
M13 1827.44 240.59 9825.67 689 0.750 0.711 5.5 
1982.53 821.19 9762.96 571 0.750 0.735 2.0 
2425.53 319.33 9690.77 467 0.750 0.727 3.2 
621.72 1076.85 9922.39 1000 0.750 0.737 1.8 
1243.44 0.00 9922.39 1000 0.750 0.737 1.8 
D 401.70 1499.15 9878.83 930 0.750 0.737 1.8 
0.00 1859.12 9825.67 858 0.750 0.724 3.6 A 
0.00 2164.40 9762.96 788 0.750 0.742 1.0 
PWRT stands for permillage with respect to. 
F, M13. and D stand for axial force, moment in 1-3 plane and 
deflection, respectively. 
Table 4.2 
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The values in the second, third and fourth columns of Table 4.2 represent the 
coordinates of the point under consideration. Values in the fifth column represent the 
permillage of the force or deflection at a point of the structure with respect to the 
corresponding maximum in the structure. Values in the sixth column represent the 
estimated ratio of force or deflection at a point of the structure and that of its renecture 
(relative density). It will be shown later that the relative density for domes A and Ar is 
equal to 0.75. A value in the seventh column represents the actual ratio of force or 
deflection at a point of the structure and that of its renecture. These ratios are obtained 
from analytical results. 
So far, the application of the renection method has been demonstrated in terms of domes 
with an orthogonal pattern. Now, consider a dense dome denoted by B, as shown in Fig. 
4.7. The members of this dome are of the same cross-sectional and material properties. 
Now, let the dome Br be obtained from dome B by removing one out of every four 
member lines in each direction. The resulting dome whose overall dimensions are the 
same as those of dome B is shown in Fig. 4.7. domes B and Br are assumed to be pin 
jointed and fixed supported at all the outer boundary nodes and they are loaded at all 
nonsupported nodes with the magnitude of the total load being the same for both domes. 
Since the number of joints loaded in domes B and Br are 400 and 225, respectively, and 
the magnitude of the joint load in dome B is one kN, therefore, the joint load in dome Br 
will be 
Joint load = 
225 
= 1.78 kN 
Figs. 4.8 to 4.10 represent the axial forces and deflections for domes B and Br. These 
results confirm the reliability of the suggested relation between domes B and Br. Since 
domes B and Br are pin jointed, there will be only axial forces in the members. The 
actual analysis of domes B and Br and the results of the comparison of the axial forces 
and the deflections for the five highest values of them are given in Table 4.4. Table 4.3 
contains the information used in the analysis of domes B and Br. 
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Dome B 
Dome Br 
Fig. 4.7 
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Dome B Axial Force Factor=2.65200E-02 kN 
Fig. 4.8 
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Dome Br Axial Force Factor=3.55900E-02 kN 
Fig. 4.9 
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bb, 
Number of 
Joints 
Number of 
Members 
Load 
kN 
E 
kN/sq. mm 
Relative 
Density 
Section 
Particulars 
Structure 420 1220 1 200 - CHS 108x4.5 
Renecture 240 690 1.78 200 0.75 CHS 108x4.5 
Table 4.3 
Coordinates of Points PWRT Esti- Actual Percen- 
Stru mated Ratio ta e . g X Y Z Ratio Error 
. 7541.08 0.00 6564.99 
1000 0.750 0.749 0.2 
7297.43 0.00 6834.79 982 0.750 0.746 0.5 
F 7044.15 0.00 7095.56 963 0.750 0.739 1.5 
6781.54 0.00 7346.95 945 0.750 0.740 1.4 
6509.98 0.00 7588.62 926 0.750 0.743 0.9 
851.89 -1172.52 9894.42 1000 0.750 0.795 5.6 
-1378.38 447.86 9894.42 989 0.750 0.787 4.7 
D -1172.52 -851.89 9894.42 988 0.750 0.736 1.9 
1378.38 447.86 9894.42 985 0.750 0.758 1.0 
-447.86 1378.38 9894.42 977 0.750 0.793 5.4 
PWRT stands for permillage with respect to. 
F and D stand for axial force and deflection, respectvely. 
Table 4.4 
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Let us now assume that domes B and Br are rigid jointed. The results of the comparison 
of axial forces, torques and bending moments in 1-2 and 1-3 planes (see Fig. 4.11) 
together with nodal deflections are given in Table 4.6. Table 4.5 contains information 
used in the analysis. Also, Figs. 4.12 to 4.20 represent axial forces, torques and bending 
moments in the 1-2 and 1-3 planes for the midpoints of members. In Fig 4.20 the 
deflection at each joint of the dome is represented by a circle whose diameter varies 
with respect to the magnitude of the deflection. 
4.2.1 LOCAL AXES 
In general, consider a member of a dome with global axes as shown in Fig. 4.11. 
Assume the dome is rigid jointed, then the members of the dome are subjected to force 
and moment in three directions. Therefore, a member in the dome is subjected to axial 
force, torque, shear force in the 1-2 and 1-3 planes and moment in the 1-2 and 1-3 
planes. A free joint in the dome is subject to three displacements and three rotations 
about its local axes. The local axes are chosen as follows, 
" Axis 1 is the longitudinal axis of the member. 
" Axis n is chosen in the Z direction (global axes). 
" Axis 2 is perpendicular to axes 1 and n (v2=vx v1). 
" Axis 3 is perpendicular to axes 1 and 2 (v3=v1 x v2). 
z (n) 
i 
Fig. 4.11 
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Number of 
Joints 
Number of 
Members 
Load 
kN 
E 
kN/sq. mm 
Relative 
Density 
Section 
Particulars 
Structure 420 1220 1 200 - CHS 108x4.5 
Renecture 240 690 1.78 200 0.75 CHS 108x4.5 
Table 4.5 
Coordinates of Points PWRT Esti- Actual Percen- 
Stru mated Ratio ta e . g X Y Z Ratio Error 
6953.50 0.00 7184.85 1000 0.750 0.748 0.3 
6714.69 0.00 7408.52 982 0.750 0.745 0.6 
F 6468.70 0.00 7624.25 967 0.750 0.739 1.5 
6215.77 0.00 7831.82 951 0.750 0.740 1.3 
1 
15956.20 0.00 8031.00 935 0.750 0.743 0.9 
1435.17 201.67 9890.44 1000 0.750 0.771 2.7 
1750.07 251.69 9837.14 847 0.750 0.718 4.4 
T 2063.09 301.43 9773.31 785 0.750 0.693 8.2 
2373.91 350.85 9699.01 732 0.750 0.714 5.0 
2682.18 399.90 9614.33 651 0.750 0.735 2.0 
1467.11 0.00 9890.44 1000 0.750 0.781 3.9 
1435.17 201.67 9890.44 706 0.750 0.807 7.1 
M12 1789.93 0.00 9837.14 589 0.750 0.696 7.8 
1707.70 1240.72 9773.31 402 0.750 0.682 10.0 
1750.07 251.69 9837.14 394 0.750 0.687 9.2 
1273.32 201.67 9914.45 1000 0.750 0.748 0.3 
1589.09 251.69 9866.43 817 0.750 0.740 1.3 
M13 6953.50 0.00 7184.85 787 0.750 0.870 13.8 
1903.16 301.43 9807.85 687 0.750 0.761 1.5 
1435.17 201.67 9890.44 596 0.750 0.734 2.2 
1305.26 0.00 9914.45 1000 0.750 0.732 2.5 
1628.95 0.00 9866.43 927 0.750 0.746 0.5 
D 1950.90 0.00 9807.85 852 0.750 0.716 4.8 
2270.76 0.00 9738.77 777 0.750 0.720 4.2 
2588.19 0.00 9659.26 706 0.750 0.737 1.8 
PWRT stands for 'permillage with respect to'. 
F, T, M12, M13 and D stand for axial force, torque, moment in 1-2 
plane, moment in 1-3 plane and deflection, respectively. 
Table 4.6 
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Dome B Axial Force Factor=2.86800E-02 kN 
Fig. 4.12 
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Dome Br Axial Force Factor=3.85000E-02 kN 
Fig. 4.13 
158 
Dome B Torque Factor=2.76800E-02 kN mm 
Fig. 4.14 
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Dome Br Torque Factor=3.64900E-02 kN mm 
Fig. 4.15 
160 
Dome B Moment (1-2 plane) Factor=2.98200E-02 kN mm 
Fig. 4.16 
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Dome Br Moment(1-2 plane) Factor=4.00450E-02 kN mm 
Fig. 4.17 
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Dome B Moment(1-3 plane) Factor=9.67900E-02 kN mm 
Fig. 4.18 
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Dome Br Moment(1-3 plane) Factor=1.33150E-01 kN mm 
Fig. 4.19 
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4.3 RELATIVE DENSITY 
As it was described in section 2.3, the relative density is the ratio of the total amount of 
material in renecture to that of the structure itself. 
f= 
amount of material in renecture 
amount of material in structure 
Where, f is referred to as the `density factor' or simply `relative density'. The relative 
density can be obtained by direct calculation or another approach as will be described in 
the sequel. 
Consider the dense dome shown in Fig. 4.21. This dome is denoted by C. Dome C has 
24 divisions in directions two and three. The members are assumed to have the same 
cross-sectional and material properties. Dome C is supported all around the boundary 
nodes. Suppose that dome Cr is obtained from dome C by removing one out of every 
two member lines in each direction. 
Dome Cr is a renecture of dome C and is assumed to have the same member cross- 
sectional and material properties as the original structure. Therefore, the relative density 
for domes C and Cr of Fig. 4.21 is equal to the ratio of the total member length of the 
renecture to that of the structure itself. That is, 
2. +'1. 
Where 
" L2 is the total length of member lines in direction U2 in the structure 
" L2r is the total length of member lines in direction U2 in the renecture 
" L3 is the total length of member lines in direction U3 in the structure 
" L3, is the total length of member lines in direction U3 in the renecture 
(4.1) 
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Dome C 
Point f< 
Dome Cr 
Fig. 4.21 
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3 
Point d 
Member line ff \ 
Direction U3 
E-Ld 
14 
Point e 
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Direction U2 
Lay 
4 
Point feI 
Dome C 
Point 4 
D 
Dome Cr 
Fig. 4.22 
Now, consider the member line df in dome C and a similar member line dfr in dome 
Cr, as shown in Figs. 4.21 and 4.22. Since dome C has 24 divisions in the U3 direction, 
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Point f1 
and dome Cr has 12 divisions in the U3 direction, and considering the spherical 
coordinates of point d, namely, (r, 0,2) and the spherical coordinates of point dr, namely, 
(r, 0,1), point d in dome C is coincident with point drin dome Cr, as shown in Fig. 4.22. 
Also, since both domes C and Cr have the same radius, points f and ft are coincident 
too. Therefore, the length of member line df in dome C is equal to the length of member 
line drfr in dome Cr. Therefore, 
L3= n2(Ldf) 
Where 
(4.2) 
" n2 is the number of divisions in direction U2 and 
" Ldf is the length of member line df. 
Now, consider points e and e1 that are in the middle of member lines df and drfr 
respectively, as shown in Figs. 4.21 and 4.22. These points are coincident too. 
Considering members a, b and c in dome C, one can write, 
'L°+Lb -L, (4.3) 2 
where 
" LQ is the length of member a, 
" Lb is the length of member b and 
" L, is the length of member c. 
Also, one can write: 
Ld+Lf =2x LQ,, (4.4) 
Where 
" Ld is the length of the member ring in direction U2 passing through point d, 
" Lfis the length of the member ring in direction U2 passing through point f and 
" LQ is the length of the member line in direction U2 passing through point e. 
Therefore, the total length of member lines in direction U2 is 
LZ = (n3 + 1) La,, (4.5) 
where n3 is the number of divisions in direction U3. 
Since Ldf = Ldr and also, LQ is the same for the renecture and the structure, one can 
write Equations similar to 4.2 and 4.5 for dome Cr: 
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L3r = n2r (Ldf) (4.6) 
and 
4r (n3r + 1) Lav (4.7) 
Where 
" njr is the number of divisions in direction U3 in the renecture, 
" Ldf is the length of a member line in direction U3(in the structure or renecture), 
" n2r is the number of divisions in direction U2 in the renecture. ' 
Substituting Equations 4.2,4.5,4.6 and 4.7 in Equation 4.1 gives 
n2i x Lý + (n3r + 1) Lý 
f 
n2 x Lý + (n3 + 1) L,, 
(4'$) 
It may be concluded that when n3r and n3 are large then 
nZ, x Ldf +n3, x Lov 
f 
n2 x Ldf + n3 x Lm 
(4.9) 
If the relation between n2 and n3 is written as: 
nj =k (n2) (4.10) 
where k is a factor, and since Cr is a renecture of C, the same relation between n2, - and 
nj, should hold. That is 
n3, =k (n2, ) (4.11) 
Substituting Equations 4.10 and 4.11 into Equation 4.9 gives 
n2i x Ldf + kn2, x L.,, n2, (Ldf + kLa ) f 
n2 x Lý +kn2 x L2, n2(Lý +kL,,,, ) 
(4.12) 
or 
fýn2. or f=n3. (4.13) 
n2 n3 
The actual relative density for several structures and their renectures are compared with 
those obtained from Equation 4.13 and the results are shown in Table 4.7. It can be seen 
that as the number of divisions increases, the percentage error decreases. Also, when 
the number of divisions in a structure and its renecture become closer, the percentage 
error decreases. This percentage error is given by ((f- 
n' ) /f) x 100. 
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n n, f nr /n Percentage 
Error 
20 10 0.516 0.500 3.1 % 
40 20 0.508 0.500 1.5 % 
60 30 0.505 0.500 0.9 % 
100 50 0.503 0.500 0.5 % 
100 60 0.602 0.600 0.3% 
100 80 0.801 0.800 0.1% 
Table 4.7 
A convenient quantitative measure of relative density can be provided by investigating 
the number of nodes. The ratio of the number of nodes in dome C to that in dome Cr is 
referred to as the `node number ratio'. Reconsidering domes C and Cr of Fig. 4.21, let 
N be the number of nodes in dome C and let Nr be the number of nodes in dome Cr. 
Since the number of divisions along a member line in direction U3 in dome C is equal 
to n3, therefore, the number of nodes along that member line is equal to n3 +1. 
Therefore, the total number of nodes for dome C is equal to: 
N= n2 (n3+1) (4.14) 
Similarly 
Nr=n2r (n3r+1) (4.15) 
and 
Nr n2r (n3r + 1) 
(4.16) N n2 (n3 + 1) 
When n is large then 
Nr n2in3, 
N n2n3 
(4.17) 
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Substituting Equations 4.10 and 4.11 in Equation 4.17 gives 
2 
n2i 
2 (4.18) N n2 
Substituting Equation 4.13 in Equation 4.18 gives 
f (4.19) 
To investigate the degree of approximation in the Equation 4.19, the actual relative 
density for several structures and their renectures are compared with the corresponding 
relative density that is obtained from Equation 4.19 and the results are shown in Table 
NL 
4.8 The percentage error in this table is given by .Nx 
100. It is seen from the 
table that the actual relative density f is almost the same as the square root of the node 
number ratio ( Nr lN). 
n n, f Nr lN Percentage 
Error 
20 10 0.516 0.511 1.1 % 
40 20 0.508 0.506 0.5 % 
60 30 0.505 0.504 0.3 % 
100 50 0.503 0.502 0.1 % 
100 60 0.602 0.601 0.1% 
100 80 0.801 0.800 0.1% 
Table 4.8 
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4.4 INTERPOLATION 
The objective of this section is to explain the manner in which the components of force 
and displacement of the actual dome from the results of the analysis of the renecture. 
Since the densities of a dome and its renecture are different, a chosen point in the actual 
dome does not necessarily have a corresponding point in its renecture. 
Consider a dome and its renecture shown as domes E and Er in Fig. 4.24. Let I be a 
typical joint in dome E. The position of I in the plan view of the renecture is It and is 
indicated by a dot. Now, let it be required to obtain the deflection at I, from the results 
of the analysis of the renecture. It is seen that none of the joints of the renecture 
coincide with the point L. Since Ir is not a joint of the renecture, a required value at this 
point should be obtained using the corresponding values at the joints of the renecture 
that are close to this point. The two nearest joints to Jr are denoted by 1 and 2. As shown 
in Fig. 4.23, joints 1 and 2 and point Ir lie on the same member line. Let the value of 
deflection at the joints 1 and 2 be denoted by dl and d2. As it was described in section 
2.7, the unknown value of deflection at point Ir (denoted by dr) can be obtained as 
follows: 
1 
-h1 Ir 
y"ý 
h2ý2 
Fig 4.23 
dr = ds(k' )+ di(, 
'\ 
) (4.20) 
Where hl and h2 are the distances of point I, from joints 1 and 2, respectively, and di 
and d2 are the deflections at points 1 and 2. Equation 4.20 has been previously given as 
Equation 2.49. 
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Dome E 
Dome Er 
Fig. 4.24 
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Now, consider another joint denoted by J in dome E. The position of J in the plan view 
of the renecture is denoted by Jr as shown in Figs 4.25 and 4.26. Let it be required to 
predict the value of deflection at point Jr. Since Jr is not a joint and also is not on a 
member line in the plan view of the renecture, the values of deflection at the three 
nearest joints (joints 3,4 and 5 shown in Fig. 4.25) close to point Jr are considered. As 
discussed in section 2.7, d, can be obtained by using the deflection of the three nearby 
joints 3,4 and 5 as 
4 
5 
Fig. 4.25 
h4xhs h3xh5 
drd3h3xh4+h4xh5+h3xh5+d4h3xh4+h4xhs+h3xh5+ 
h3 x h4 d5 
h3 x h4 + h4 x hs + h3 x h. 
(4.21) 
Where h3, h4 and hs are the distances of point Jr from points 3,4 and 5, respectively, 
and d3 d4, and d5 are deflections at points 3,4 and 5, respectively. Equation 4.21 has 
been previously given as Equation 2.50. 
Now, let m be a typical member in dome E, as shown in Fig. 4.24. Suppose that it is 
required to predict the value of a components of internal force at the midpoint of 
member m. The position of this member on the plan view of the renecture is indicated 
by a thick line and is denoted by m, In this case, two members from the renecture 
which are in the same direction and nearest to mr (members a and b) are chosen to 
obtain the internal forces. The midpoint of member m, is denoted by mr and the 
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midpoints of members a and b are denoted by ä and F, respectively, As shown in Fig. 
4.26. 
A rule similar to that described for the deflections is used to find the values of 
components of forces at mr by interpolating the values at the nearby points ä and b. 
These are shown in Fig. 4.26. 
............... 
member aä ............ 
............. A.......... ------ .................. ha 
M, 4 ' m 
b member bg 
:................ v ................ 
:............... 
Fig. 4.26 
For example, the value of torque for the midpoint of member mr is obtained from (see 
Equation 4.20): 
T, =T 
hb 
+T 
h° 
h, + hb b h, + hb 
Where 
" T, is the torque at midpoint of member mt, 
" T. is the torque at midpoint of member a and 
9 Tb is the torque at midpoint of member b. 
Now, consider member n in dome E, as shown in Fig. 4.24. The position of this 
member on the plan view of the renecture is indicated by a thick line and denoted by nr. 
The three nearest members to n, which are in the same direction as nr are denoted by c, 
d and e, as shown in Figs 4.24 and 4.27. The midpoint of nr is denoted by nr , and the 
midpoints of members c, d and e, are denoted by c, d and W, respectively. Using an 
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approach similar to that for deflections, the components of the internal forces can be 
obtained using the values at three midpoints nearest to n, . An internal force value at 
n, , obtained in such a manner, will provide an estimation of the corresponding value at 
the midpoint of member n of the structure. 
ne 
e 
Fig. 4.27 
For example, the value of torque for the midpoint of member nr is obtained from the 
relation (see Equation 4.21): 
_ 
hd x h, hý x h, Tý T`hCxhd+hdXhe+hýxh`+T°k 
xhd+hdxh, +k xh1+ 
T 
he x hd 
`kxhd+hdxh, +k xh, 
where 
" T, is the value of torque at the midpoint of member n, 
" TT, Tth and TT are the values of torque at midpoints of members c, d and e, 
respectively. 
The positions of points c, d and F, also hc, hd and he are shown in figure 4.28. 
177 
d 
hd 
he, .ý 
I rl r 
he 
" 
e 
Fig. 4.28 
4.5 MATERIAL DILUTION FOR DOMES 
To illustrate the concepts of material dilution for domes, consider dome G whose plan 
view is shown in Fig. 4.29. The renecture of dome G is denoted by Gr in the same 
figure. The domes consist of two types of members. The first type comprises of 
members which are indicated by thick lines. The second type consists of the members 
that are indicated by thin lines. 
Domes G and Gr are supported at the indicated boundary nodes. All members that are 
indicated by thick lines are assumed to have the same cross-sectional and material 
properties, and to be rigidly jointed. Also, all members that are indicated by thin lines 
are assumed to have the same cross-sectional and material properties. The latter are 
assumed to be pin jointed. The total number of nodes in dome G is 684 and that for 
dome Gr is 420. Therefore, the density factor is 
_ 
Nr_ FE 
_078 f 684 
To obtain dome Gr, the density of the `thin' members of dome G is reduced by 
removing two from every nine member lines in each direction. Therefore, the density of 
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the configuration is reduced by 7/9 = 0.777, which is closely estimated by f as given 
above. 
However, reducing the density of the `thin' members in dome G does not cover all the 
members in the dome since the boundary members ('thick' members) have remained 
unchanged. In other words, the material reduction is not uniform over the area covered 
by the dome. This may reduce the similarity between the behaviours of the dome and its 
renecture. To achieve a similar degree of density reduction in dome Gr, it is possible to 
reduce the material density in the cross-section of the members indicated by thick line 
by the same density factor f =0.78, as discussed in section 2.4 for grids. 
Thus, the rigidities of the members that are indicated by thick lines in dome Or will be 
0.78 times that of those in dome G. The relevant rigidities in the case of a dome are the 
axial rigidity EA, bending rigidity EI and torsional rigidity GJ. 
In order to achieve the correct degree of dilution, the members that are indicated by 
thick lines in dome Gr are assumed to be made from a hypothetical material that is a 
"diluted version" of the original material. The moduli of elasticity E and G of this 
"diluted material" are assumed to be f times those of the original material. 
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Dome G 
Dome Gr 
Fig. 4.29 
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4.6 DILUTED MEMBERS FOR DOMES 
Consider dome G and its renecture Or, shown in Fig. 4.29. The domes are loaded at all 
non-supported joints. Member line ArBr in dome Or is a diluted version of member line 
AB in dome G. Now, consider member m on member line AB. The position of this 
member on the plan view of the renecture is denoted by m r. For member m one can 
write: 
P=KA (4.22) 
Where 
"K is the stiffness matrix of m, 
"A is the vector of unknown nodal displacements of the member and 
"P is the vector of applied nodal forces. 
Also, for member mr one can write: 
Pr = Kr Ar (4.23) 
Where Kr, 0r and Pr are the stiffness matrix, vector of unknown displacements and 
vector of applied nodal forces for member mr, respectively. 
In a manner similar to the case of the grids discussed in section 2.5, it can be shown that 
Pr = (f K)(. f-! A) -K A 
hence 
Pr =P 
(4.24) 
(4.25) 
Therefore, the density factor f for all the components of force for a diluted member is 
approximately equal to one. 
In order to illustrate the reliability of the combined application of configuration density 
reduction and material dilution, reconsider domes G and Gr of Fig. 4.29. Let, the joint 
load for dome G be 0.1 kN. The joint load for dome Gr is obtained as follows: 
joint load = 
486 
x 0.1= 0.164 kN 
Where, the numbers 680 and 416 above are the numbers of loaded joints in domes G 
and Gr, respectively. Also, let the modulus of elasticity E for the members that are 
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indicated by thick lines in dome G be 200 
mm. 
Therefore, this value for the thick 
members in dome Gr will be 
f xE=0.78x200=156 
mm2 
Correspondingly, the value of the shear modulus of elasticity G for the thick members 
in domes G and Gr are 76.92 2 and 
60 ; 
m--7, 
respectively. 
mm 
Table 4.9 contains information used in the analysis of domes G and Gr. The results of 
comparison of axial forces, torques, bending moments in 1-2 and 1-3 plane (see Fig. 
4.11) and deflections for five highest values of each component for the members 
indicated by thick lines (diluted members) are given in Table 4.10. Figs 4.30 to 4.38 
represent the axial forces, torques, bending moments in the 1-2 and 1-3 planes for 
domes G and Or. These results confirm the reliability of the suggested relation for 
diluted members in a structure and its renecture. 
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Number of 
Joints 
Number of 
Members 
Load 
kN 
E 
kN/sq. mm 
Relative 
Density 
Section 
Particulars 
D 
St t 684 1980 1 0 
200 
-------- - 
CHS 133x6.3 
R 
ruc ure . 200 CHS 60.3x5 
D 
R t 420 1204 0 164 
156 
-------- 0 778 
CHS 133x6.3 
R 
ure enec . 
200 . CHS 60.3x5 
D and R stand for diluted members and rest of the members, respectively. 
Table 4.9 
Coordinates of Points PWRT Esti- Actual Percen- 
St t d R i t ru. ma e at o age 
X Y Z Ratio Error 
7554.58 0.00 6549.97 1000 1.000 0.997 0.3 
7338.97 0.00 6790.68 858 1.000 0.999 0.1 
F 0.00 -7115.70 7024.29 727 1.000 1.035 3.4 
-6884.99 0.00 7250.57 602 1.000 0.993 0.7 
665.11 7602.25 6427.88 520 1.000 1.011 1.1 
7602.25 665.11 6427.88 1000 1.000 1.140 12.3 
665.11 7602.25 6427.88 996 1.000 1.124 11.0 
T 2846.25 249.01 9579.90 792 1.000 1.024 2.4 
249.01 2846.25 9579.90 770 1.000 1.018 1.7 
2759.76 739.48 9579.90 550 1.000 1.066 6.2 
7602.25 665.11 6427.88 1000 1.000 1.194 16.3 
665.11 7602.25 6427.88 979 1.000 1.198 16.2 
M12 1975.12 7371.26 6427.88 521 1.000 1.114 10.2 
7371.26 1975.12 6427.88 520 1.000 1.096 8.8 
5396.14 5396.14 6427.88 358 1.000 1.073 6.8 
6884.99 0.00 7250.57 1000 1.000 1.138 12.1 
6647.09 0.00 7469.28 968 1.000 1.114 10.3 
M13 0.00 7115.7 7024.29 897 1.000 1.089 8.2 
-6402.25 0.00 7680.18 849 1.000 1.113 10.1 
6150.72 0.00 7883.06 682 1.000 1.170 14.5 
4924.04 5868.24 6427.88 1000 0.780 0.839 7.1 
4787.95 5706.05 6672.07 977 0.780 0.830 6.0 
D 4787.95 -5706.05 6672.07 956 0.780 0.830 6.0 
4646.86 5537.91 6909.29 939 0.780 0.823 5.2 
5537.91 4646.86 6909.29 917 0.780 0.829 5.8 
PWRT stands for permillage with respect to. 
F, T, M12, M13 and D stand for axial force, Torque, moment in 
1-2 plane, moment in 1-3 plane and deflection, respectively. 
Table 4.10 
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Dome G Axial Force Factor=2.06600E-02 kN 
Fig. 4.30 
184 
Dome Gr Axial Force Factor=2.07800E-02 kN 
Fig. 4.31 
185 
Dome G Torque Factor= 4.89100E-02 kN mm 
Fig. 4.32 
iý. 
r'. 
186 
Dome Gr Torque Factor=4.37700E-02 kN mm 
Fig. 4.33 
187 
hh, 
Dome G Moment(1-2 plane) Factor=5.35025E-01 kN mm 
Fig. 4.34 
188 
Dome Gr Moment(1-2 plane) Factor=4.51365E-01 kN mm 
Fig. 4.35 
189 
Dome G Moment(1-3 plane) Factor=6.19295E-01 kN mm 
Fig. 4.36 
190 
DomeGr Moment(1-3 plane) Factor=5.49040E-01 kN mm 
Fig. 4.37 
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4.7 PRESENTATION OF EXAMPLES 
Five further examples have been chosen to study the application of the renection method 
for domes. These examples have been chosen to investigate the effects of changes in the 
density of the domes on the percentage errors. The results show that when the density of 
the renecture is decreased, the percentage errors increase. Two different renectures have 
been considered for each example. Each example has been presented together with a 
plan view of the structure and its renectures, giving the radius of the dome and the 
positions of supports and loads as well as the numbers of joints and members. 
In presenting the results of the application of the renection method for the dome 
examples, an approach similar to that for the grid examples has been employed. 
These two tables relating to each example: 
"A table containing items of information used in the analysis. 
9A table containing the results of comparison of forces and displacements. This table 
gives the results of comparison of axial forces, torques, moments in 1-2 plane 
(M12), moments in 1-3 plane (M13) and deflections. Five highest values of each 
component are used for comparison of a structure and its renectures. 
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Example 1: 
Loading: The load is applied at the nonsupport joints. 
Supports: Fixed supports at all the outer boundary joints. 
Radius of sphere is 15 m. 
Structure 
Renecture 1 
Renecture 2 
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Number of 
Joints 
Number of 
Members 
Load 
kN 
E 
kN/sq. mm 
Relative 
Density 
Section 
Particulars 
Structure 900 3492 1 200 - CHS 108x4.5 
Renecture 1 630 2430 1.44 200 0.833 CHS 108x4.5 
Renecture 2 408 1560 2.25 200 0.666 CHS 108x4.5 
Coordinates of points PWRT Esti- Actual Perce- 
Stru mated R ti t . a o n age x y Z Ratio Error 
10465.96 0.00 10743.61 1000 0.833 0.841 0.8 
10306.96 -1817.40 10743.61 998 0.833 0.832 0.1 
F -0.00 10465.96 10743.61 997 0.833 0.857 2.8 
5232.98 9063.79 10743.61 990 0.833 0.823 1.2 
1-3482.15 9567.13 11.13.89 981 0.833 0.829 0.5 
2902.41 270.78 14710.52 1000 0.833 0.803 3.7 
-1685.71 2378.18 14710.52 999 0.833 0.802 3.8 
T 2397.43 1658.21 14710.52 998 0.833 0.788 5.7 
-1877.74 2710.79 16628.88 981 0.833 0.859 3.1 
304.03 3283.58 14628.88 980 0.833 0.806 3.8 
2691.65 1905.09 14628.88 1000 0.833 0.822 1.3 
v 1877.74 2710.79 14628.88 997 0.833 0.850 2.0 
M12 2343.52 2319.94 14628.88 995 0.833 0.849 1.9 
U -2691.65 1905.09 14628.88 992 0.833 0.861 3.3 
3286.49 270.78 14628.88 990 0.833 0.846 1.5 
2127.74 2535.74 14628.88 1000 0.833 0.843 1.7 
2257.94 -605.01 14815.33 901 0.833 0.810 2.9 
M13 -2328.69 203.73 14815.33 900 0.833 0.801 4.1 
1340.79 -1914.84 14815.33 899 0.833 0.800 4.2 
-605.01 2257.94 14815.33 898 0.833 0.807 3.2 
2310.87 -407.47 14815.33 1000 0.833 0.833 0.0 
2310.877 407.47 14815.33 999 0.833 0.832 0.4 
L 
D 2346.52 0.00 14815.33 904 0.833 0.840 0.8 
-2346.52 0.00 14815.33 903 0.833 0.726 14.7 
2032.14 E -1173.26 14815.33 
880 0.833 0.909 8.4 
MI 
PWRT stands for permillage with respect to. 
F, T, M12, M13 and D stand for axial force, torque, moment in 1-2 
plane, moment in 1-3 plane and deflection, respectively. 
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Coordinates of point PWRT Esti- Actual Perce- 
Stru. mated Ratio ntage 
xyZ Ratio Error 
10465.96 0.00 10743.61 1000 0.667 0.672 0.7 
-0.00 -1065.96 10743.61 998 0.667 0.670 0.4 
F 9063.79 5232.98 10743.61 997 0.667 0.669 0.3 
5232.98 9063.74 10743.61 990 0.667 0.665 0.3 
0.00 10181.14 11073.89 981 0.667 0.662 0.7 
2902.41 270.78 14710.52 1000 0.667 0.774 13.9 
-237.34 2905.34 14710.52 999 0.667 0.777 14.2 
T 2397.43 1658.21 14710.52 998 0.667 0.776 14.1 
-1877.74 2710.79 14628.88 981 0.667 0.611 17.7 
2343.54 -2319.94 14628.88 980 0.667 0.612 9.0 
0 2691.65 1905.09 14628.88 1000 0.667 0.744 10.4 
$4 1877.74 2710.79 14628.88 997 0.667 0.632 5.5 
M12 2343.54 2319.94 14628.88 995 0.667 0.616 8.2 
2995.68 1378.49 14628.88 992 0.667 0.739 9.7 
3286.49 270.78 14628.88 990 0.667 0.627 6.3 
2127.74 2535.74 14628.88 1000 0.667 0.649 2.8 
2866.70 1655.09 14628.88 901 0.667 0.630 5.9 
M13 2257.94 -605.01 14815.33 900 0.667 0.628 6.2 
-2328.69 203.73 14815.33 899 0.667 0.616 8.3 
1340.79 -1914.84 14815.33 898 0.667 0.615 8.4 
2310.87 -407.47 14815.33 1000 0.667 0.683 2.3 
2310.87 407.47 14815.33 999 0.667 0.682 2.2 
D -2310.87 407.47 14815.33 904 0.667 0.682 2.2 
2346.52 0.00 14815.33 903 0.667 0.681 2.1 IL LJ 
-2346.52 0.00 14815.33 880 0.667 0.681 2.0 
PWRT stands for permillage with respect to. 
F, T, M12, M13 and D stand for axial force, torque, moment in 1-2 
plane, moment in 1-3 plane and deflection, respectively. 
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Example 2: 
Loading: The load is applied at the nonsupport joints. 
Supports: Fixed supports at all the outer boundary joints. 
Radius of sphere is 10 m. 
Structure 
Renecture 1 
Renecture 2 
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Number of 
Joints 
Number of 
Members 
Load 
kN 
E 
kN/sq. mm 
Relative 
Density 
Section 
Particulars 
Structure 828 1230 0.5 200 - CHS 108x4.5 
Renecture 1 570 845 0.733 200 0.833 CHS 108x4.5 
Renecture 2 360 532 1.178 200 0.667 CHS 108x4.5 
Coordinates of points PWRT Esti- Actual Perce- 
Stru mated Ratio nta e . g 
x y z Ratio Error 
1662.34 145.44 9858.71 1000 0.833 0.953 12.6 
1512.34 705.22 9858.71 999 0.833 0.953 12.6 
F 6797.86 1511.54 7168.84 576 0.833 0.859 3.0 
6432.11 2669.02 7168.84 575 0.833 0.859 3.1 
6957.06 308.14 7168.84 574 0.833 0.831 0.3 
6957.06 308.14 7168.84 1000 0.833 0.820 1.5 
-6957.06 308.14 7168.84 932 0.833 0.822 1.3 
T -3745.39 5870.92 7168.84 932 0.833 0.823 1.2 
6179.07 3211.67 7168.84 931 0.833 0.792 5.2 
6642.89 2089.90 7168.84 930 0.833 0.839 0.8 
r4 
0 6957.06 308.14 7168.84 1000 0.833 0.795 4.8 
6642.89 2089.90 7168.84 938 0.833 0.839 0.7 
M12 6179.07 3211.67 7168.84 936 0.833 0.792 5.2 
6904.88 904.62 7168.84 933 0.833 0.798 4.4 
-6432.11 2669.02 7168.84 932 0.833 0.809 2.9 
-5899.94 0.00 8072.86 1000 0.833 0.764 9.0 
2017.90 5544.13 8072.86 999 0.833 1.075 22.5 
M13 4519.62 3792.41 8072.86 998 0.833 0.993 16.3 
5544.13 2017.90 8072.86 992 0.833 1.449 42.5 
-5417.32 473.95 8390.97 776 0.833 . 737 13.0 
-5534.56 -484.21 8314.70 1000 0.830 0.687 20.9 
-5534.56 484.21 8314.70 1000 0.830 0.687 20.9 
D 5534.56 484.21 8314.70 989 0.830 0.692 19.9 
-5366.40 -1437.92 8314.70 970 0.830 0.680 22.1 
5366.40 1437.92 8314.70 963 0.830 0.682 21.6 
PWRT stands for permillage with respect to. 
F, T, M12, M13 and D stand for axial force, torque, moment in 1-2 
plane, moment in 1-3 plane and deflection, respectively. 
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Coordinates of points PWRT Esti- Actual Perce- 
Stru. mated Ratio ntage 
xyZ Ratio Error 
1662.34 145.44 9858.71 1000 0.667 0.919 27.4 
1366.91 957.12 9858.71 999 0.667 0.918 27.3 
F 6797.86 1511.54 7168.84 576 0.667 0.680 1.9 
6432.11 2669.02 7168.84 575 0.667 0.679 1.7 
6957.06 308.14 7168.84 574 0.667 0.674 1.0 
6957.06 308.14 7168.84 1000 0.667 0.656 1.7 
-6957.06 308.14 7168.84 932 0.667 0.661 1.0 
T -3745.39 5870.92 7168.84 932 0.667 0.661 1.0 
5527.49 4235.86 7168.84 931 0.667 0.668 0.1 
6642.89 2089.90 7168.84 930 0.667 0.665 0.3 
0 6957.06 308.14 7168.84 1000 0.667 0.636 4.9 
$4 6642.89 2089.90 7168.84 938 0.667 0.653 2.1 
B M12 6179.07 3211.67 7168.84 936 0.667 0.641 4.1 
U 6904.88 904.62 7168.84 933 0.667 0.641 4.1 
-6432.11 2669.02 7168.84 932 0.667 0.647 3.1 
-5810.31 1024.51 8072.86 1000 0.667 0.734 9.1 
2017.90 5544.13 8072.86 999 0.667 0.843 20.9 
M13 4519.62 3792.41 8072.86 998 0.667 0.734 9.1 
5544.13 2017.90 8072.86 992 0.667 1.885 64.6 
-5417.32 473.95 8390.97 776 0.667 0.592 12.6 
-1055.60 2263.74 9683.04 1000 0.667 0.412 61.8 
-1055.60 -2263.74 9683.04 1000 0.667 0.412 61.8 
D 1766.19 -1766.19 9683.04 989 0.667 0.408 63.4 
2263.74 -1055.60 9683.04 970 0.667 0.413 61.6 
2412.66 -646.47 9683.04 963 0.667 0.408 63.4 
PWRT stands for permillage with respect to. 
F, T, M12, M13 and D stand for axial force, torque, moment in 1-2 
plane, moment in 1-3 plane and deflection, respectively. 
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Example 3: 
Loading: The load is applied at the nonsupport joints. 
Supports: Fixed supports at all the outer boundary joints. 
Radius of sphere is 12 m. 
Structure 
Renecture 1 
Renecture 2 
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Number of 
Joints 
Number of 
Members 
Load 
kN 
E 
kN/sq. mm 
Relative 
Density 
Section 
Particulars 
Structure 1260 2592 1 200 - CHS 108x4.5 
Renecture 1 870 1800 1.457 200 0.833 CHS 108x4.5 
Renecture 2 552 1152 2.318 200 0.667 CHS 108x4.5 
Coordinates of points PWRT Esti- Actual Perce- 
Stru. mated Ratio ntage 
xyz Ratio Error 
1554.42 135.99 11897.34 1000 0.833 1.014 17.0 
-3791.28 -1201.03 11319.74 336 0.833 1.038 19.9 
F 6732.75 739.73 9903.73 301 0.833 0.902 7.3 
6771.60 150.11 9903.73 298 0.833 0.971 14.2 
4226.75 0.00 11230.20 280 0.833 0.973 14.4 
3725.53 -168.09 11403.88 1000 0.833 1.075 22.5 
3476.82 -146.33 11482.60 886 0.833 1.151 27.3 
T 3973.42 -168.09 11319.74 730 0.833 0.894 6.8 
2207.98 -102.02 11793.56 681 0.833 1.162 28.3 
1951.16 -79.55 11839.02 593 0.833 1.287 35.3 
0 6414.57 2174.96 9903.73 1000 0.833 0.725 14.9 
6694.80 1028.04 9903.73 1000 0.833 0.719 15.9 
M12 6097.94 402.14 10325.62 840 0.833 2.264 63.2 
3725.53 -168.09 11403.88 835 0.833 1.551 46.3 
6109.78 -130.86 10325.62 823 0.833 2.511 66.8 
1965.04 -90.81 11836.79 1000 0.833 1.565 46.8 
2194.20 -90.81 11796.38 903 0.833 0.775 7.5 
M13 1736.01 -70.77 11872.74 848 0.833 1.878 55.6 
2421.66 -110.71 11751.54 641 0.833 0.525 58.8 
3323.31 -149.98 11528.16 563 0.833 1.982 58.0 
-159.10 -1818.53 11860.34 1000 0.833 0.892 6.6 
159.10 -1818.53 11860.34 1000 0.833 0.892 6.6 
D -0.00 -2083.78 11817.69 993 0.833 0.832 0.1 
-0.00 -1566.31 11897.34 977 0.833 0.872 4.4 
IL 
11 
LJ 
-605.92 L_ -2261.31 
11769.42 939 0.833 0.755 10.4 11 
PWRT stands for permillage with respect to. 
F, T, M12, M13 and D stand for axial force, torque, moment in 1-2 
plane, moment in 1-3 plane and deflection, respectively. 
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Coordinates of points PWRT Esti- Actual Perce- 
Stru mated Ratio nta e . g 
x y z Ratio Error 
1382.53 120.96 11918.86 1000 0.667 1.018 34.5 
3546.23 -149.98 11461.42 336 0.667 1.039 35.1 
F 6062.26 666.12 10333.15 301 0.667 0.891 25.2 
6097.25 135.23 10333.15 298 0.667 0.844 20.9 
3323.31 -149.98 11528.16 280 0.667 1.249 46.6 
3323.31 -149.98 11528.16 1000 0.667 1.174 43.1 
3099.99 -130.44 11590.56 886 0.667 1.028 35.0 
T 3546.23 -149.98 11461.42 730 0.667 3.371 80.2 
1965.04 -90.81 11836.79 681 0.667 0.971 31.3 
2874.65 -130.44 11648.61 593 0.667 0.695 4.0 
N 
0 3323.31 -149.98 11528.16 1000 0.667 1.055 38.0 
$4 2021.29 2642.21 11528.16 1000 0.667 1.282 47.4 -i M12 5475.85 361.17 10670.37 840 0.667 0.799 16.5 
U 5486.49 -117.46 10670.37 835 0.667 0.799 16.6 
3099.99 -130.44 11590.56 823 0.667 1.126 40.7 
1965.04 -90.81 11836.79 1000 0.667 1.5B9 58.0 
2194.20 -90.81 11796.38 903 0.667 1.435 53.5 
M13 1736.01 -70.77 11872.74 848 0.667 1.347 50.5 
2421.66 -110.71 11751.54 641 0.667 0.453 47.2 
3323.31 -149.98 11528.16 563 0.667 1.474 54.8 
241.91 -1371.95 11918.86 1000 0.667 0.849 21.4 
-141.54 -1617.80 11889.60 993 0.667 0.846 21.1 
D -0.00 -1854.23 11855.88 977 0.667 0.824 19.1 
-539.32 -2012.78 11817.69 939 0.667 0.728 8.3 
-0.00 -2312.55 11775.06 818 0.667 0.620 7.5 
PWRT stands for permillage with respect to. 
F, T, M12, M13 and D stand for axial force, torque, moment in 1-2 
plane, moment in 1-3 plane and deflection, respectively. 
202 
Example 4: 
Loading: The load is applied at the nonsupport joints. 
Supports: Fixed supports at all the outer boundary joints. 
Radius of sphere is : 
Structure 
Renecture 1 
Renecture 2 
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7 
Number of 
Joints 
Number of 
Members 
Load 
kN 
E 
kN/sq. mm 
Rela, i ve 
Density 
Section 
Particulars 
Structure 1500 3000 1 200 - CHS 99.8x5 
Renecture 1 1050 2100 1.44 200 000.833 CHS 99.8x5 
Renecture 2 680 1360 2.25 200 000.667 CHS 99.8x5 
Coordinates of points PWRT Esti- Actual Perce- 
Stru. mated Ratio ntage 
xyZ Ratio Error 
2078.07 108.91 11817.69 1000 0.833 0.953 12.6 
9072.27 -234.58 7845.50 240 0.833 0.822 1.3 
F 8840.25 -234.58 8106.23 211 0.833 0.823 1.2 
8601.07 -222.04 8360.09 180 0.833 0.807 3.2 
8354.28 -222.04 8606.88 152 0.833 0.764 9.0 
9047.10 715.02 7845.50 1000 0.833 0.808 3.1 
7520.82 2224.16 9078.42 465 0.833 0.720 15.7 
T 7573.04 -194.76 9302.76 462 0.833 0.694 20.1 
7299.26 -194.76 9519.23 425 0.833 0.688 21.1 
8100.76 -208.76 8846.39 415 0.833 0.787 5.8 
0 8998.06 1181.60 7845.50 1000 0.833 0.836 0.3 
9072.27 -234.58 7845.50 1000 0.833 0.771 8.0 ji M12 7712.11 1425.84 9078.42 434 0.833 0.716 16.3 
U 
0 7551.91 597.90 9302.76 423 0.833 0.695 19.9 
-6676.36 -4592.62 8846.39 394 0.833 0.786 6.0 
3605.50 -98.77 11443.39 1000 0.833 0.769 8.4 
9072.27 -234.58 7845.50 982 0.833 0.779 7.0 
M13 3271.61 -81.27 11543.49 967 0.833 0.798 4.4 
3936.80 -98.77 11333.61 961 0.833 0.754 10.5 
4264.32 -115.94 11214.24 871 0.833 0.761 9.5 
-162.55 -3101.57 11591.11 1000 0.833 0.706 18.1 
-2631.94 -855.17 11676.54 999 0.833 0.697 19.5 
D -127.00 -2423.29 11752.09 985 0.833 0.686 21.4 
-0.00 -3441.64 11495.87 983 0.833 0.709 17.5 L U 
-0.00 -2083.78 11817.69 962 0.833 0.677 23.1 
PWRT stands for permillage with respect to. 
F, T, M12, M13 and D stand for axial force, torque, moment in 1-2 
plane, moment in 1-3 plane and deflection, respectively. 
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Coordinates of points PWRT Esti- Actual Perce- 
Stru. mated Ratio ntage 
xyZ Ratio Error 
2078.07 108.91 11817.69 1000 0.667 0.914 27.0 
9072.27 -234.58 7845.50 240 0.667 0.651 2.5 
F 8816.34 690.77 8106.23 211 0.667 0.639 4.3 
8601.07 -222.04 8360.09 180 0.667 0.592 12.7 
8354.28 -222.04 8606.88 152 0.667 0.594 12.3 
9072.27 -234.58 7845.50 1000 0.667 0.584 14.3 
7840.03 -208.76 9078.42 465 0.667 0.497 34.1 
T 7551.91 597.90 9302.76 462 0.667 0.461 44.8 
7299.26 -194.76 9519.23 425 0.667 0.434 53.7 
8100.76 -208.76 8846.39 415 0.667 0.582 14.7 N 
0 8998.06 1181.60 7845.50 1000 0.667 0.584 14.3 
9072.27 -234.58 7845.50 1000 0.667 0.585 14.0 
M12 7712.11 1425.84 9078.42 434 0.667 0.496 34.5 
7551.91 597.90 9302.76 423 0.667 0.461 44.7 
-6676.36 -4592.62 8846.39 394 0.667 0.583 14.5 
3605.50 -98.77 11443.39 1000 0.667 0.580 14.9 
9047.10 715.02 7845.50 982 0.667 0.648 2.9 
M13 3271.61 -81.27 11543.49 967 0.667 0.564 18.3 
3936.80 -98.77 11333.61 961 0.667 0.556 19.9 
4264.32 -115.94 11214.24 871 0.667 0.579 15.3 
-162.55 -3101.57 11591.11 1000 0.667 0.442 50.9 
-855.17 -2631.94 11676.54 999 0.667 0.429 55.4 
D -127.00 -2423.29 11752.09 985 0.667 0.417 59.9 
-0.00 -3441.64 11495.87 983 0.667 0.458 45.6 
-0.00 -2083.78 11817.69 962 0.667 0.400 66.8 
PWRT stands for permillage with respect to. 
F, T, M12, M13 and D stand for axial force, torque, moment in 1-2 
plane, moment in 1-3 plane and deflection, respectively. 
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Example 5: 
Loading: The load is applied at the nonsupport joints. 
Supports: Fixed supported at all the outer boundary joints. 
Radius of sphere is 15 1 
Structure 
Renecture 1 
Renecture 2 
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Number of 
Joints 
Number of 
Members 
Load 
kN 
E 
kN/sq. mm 
Relative 
Density 
Section 
Particulars 
Structure 1500 3540 1 200 - CHS 108x5.5 
Renecture 1 1050 2500 1.44 200 0.833 CHS 108x5.5 
Renecture 2 680 1600 2.25 200 0.667 CHS 108x5.5 
Coordinates of points PWRT Esti- Actual Perce- 
Stru. mated Ratio ntage 
xyZ Ratio Error 
2424.42 127.06 13787.31 1000 0.833 0.975 14.6 
9303.21 0.00 10453.93 266 0.833 0.838 0.6 
F 9895.31 0.00 9895.31 254 0.833 0.816 2.1 
8679.62 0.00 10977.17 253 0.833 0.824 1.1 
8026.67 0.00 11463.28 226 0.833 0.811 2.7 
3816.87 -94.82 13467.41 1000 0.833 0.824 1.1 
3423.56 -94.82 13572.79 980 0.833 0.911 8.6 
T 4206.42 -115.23 13350.62 877 0.833 0.881 5.5 
3027.89 -74.08 13666.70 812 0.833 0.838 0.6 
4592.94 -115.23 13222.55 627 0.833 1.759 52.6 
3352.92 1826.32 13467.41 1000 0.833 0.842 1.6 
4206.42 115.23 13350.62 952 0.833 0.902 7.7 Ü M12 3423.56 94.82 13572.79 892 0.833 0.892 6.6 
4592.94 -115.23 13222.55 732 0.833 1.770 52.9 [ 3027.89 -74.08 13666.70 662 0.833 0.809 2.9 
3816.87 -94.82 13467.41 1000 0.833 0.900 7.4 
2480.76 2361.27 13572.79 948 0.833 0.875 4.8 
M13 4206.42 -115.23 13350.62 892 0.833 0.859 3.0 
2424.42 127.06 13787.31 735 0.833 0.956 12.9 
3027.89 -74.08 13666.70 693 0.833 0.757 10.0 
2398.39 -3693.19 13289.40 1000 0.833 0.851 2.4 
1999.20 -3923.66 13289.40 1000 0.833 0.859 3.0 
D 2360.10 -3248.40 13411.85 986 0.833 0.848 2.2 
4146.77 -2394.14 13155.70 907 0.833 0.960 13.2 IL LJ 
1645.02 -3228.53 13522.96 842 0.833 0.941 11.5 
PWRT stands for permillage with respect to. 
F, T, M12, M13 and D stand for axial force, torque, moment in 1-2 
plane, moment in 1-3 plane and deflection, respectively. 
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Coordinates of points PWRT Esti- Actual Perce- 
Stru. mated Ratio ntage 
xyZ Ratio Error 
2424.42 127.06 13787.31 1000 0.667 0.912 26.9 
9303.21 0.00 10453.93 266 0.667 0.654 1.9 
F 9895.31 0.00 9895.31 254 0.667 0.675 1.2 
8679.62 0.00 10977.17 253 0.667 0.660 1.0 
8026.67 0.00 11463.28 226 0.667 0.688 3.0 
3816.87 -94.82 13467.41 1000 0.667 0.688 3.0 
3423.56 -94.82 13572.79 980 0.667 0.716 6.9 
T 4206.42 -115.23 13350.62 877 0.667 0.716 6.8 
3027.89 -74.08 13666.70 812 0.667 0.695 4.0 
4592.94 -115.23 13222.55 627 0.667 0.579 15.3 
N 
0 3352.92 1826.32 13467.41 1000 0.667 0.673 0.9 
$4 3816.87 -94.82 13467.41 1000 0.667 0.673 0.9 
41 M12 4206.42 115.23 13350.62 952 0.667 0.713 6.4 
0 3423.56 94.82 13572.79 892 0.667 0.735 9.2 
c 4592.94 -115.23 13222.55 732 0.667 0.588 13.4 0 
4 C 
3816.87 -94.82 13467.41 1000 0.667 0.694 3.9 
2480.76 2361.27 13572.79 948 0.667 0.741 10.0 
M13 4206.42 -115.23 13350.62 892 0.667 0.721 7.5 
2424.42 127.06 13787.31 735 0.667 0.679 1.8 
3027.89 -74.08 13666.70 693 0.667 0.714 6.6 
2398.39 -3693.19 13289.40 1000 0.667 0.691 3.5 
1999.20 -3923.66 13289.40 1000 0.667 0.701 4.8 
D 2360.10 -3248.40 13411.85 986 0.667 0.710 6.1 
4146.77 -2394.14 13155.70 907 0.667 0.672 0.7 
1645.02 -3228.53 13522.96 842 0.667 0.701 4.8 11 
PWRT stands for permillage with respect to. 
F, T, M12, M13 and D stand for axial force, torque, moment in 1-2 
plane, moment in 1-3 plane and deflection, respectively. 
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4.8 DISCUSSION 
A number of conclusions that may be drawn from the examples in this chapter are as 
follows: 
" Two renectures for Examples 1 to 5. have been chosen to study the effects of 
changes in density reduction on the percentage error. Comparison of results for 
renectures 1 and 2 in these examples shows that the percentage error increases as 
the density is decreased. 
" For diluted members, the theoretical prediction that the density factor for internal 
forces is equal to one is confirmed by the results of the analysis. 
" The results for deflections are normally more accurate as compared with the results 
for internal forces. 
" When the distribution of internal forces are uniform, the percentage errors are well 
within acceptable limits for design purposes. 
" The results for Example 2 shows that the percentage errors for internal forces are 
less than deflections. This is rather unusual since the deflections can normally be 
predicted more accurately as compared with the internal forces. However, in the 
case of Example 2, the configuration has a honey-comb pattern with relatively large 
deflection. This is believed to be reason for the large percentage error for deflection 
in Example 2. 
" In relation to Example 3 and 4, both domes are fixed supported at outer boundary 
nodes and loaded at the nonsupported joints. The magnitude of joint load for the 
structure in both domes is 1 kN. Both domes have the same configuration pattern, 
but in the dome of Example 4 the density of pattern is changed. Comparison of 
internal forces for Examples 3 and 4 shows that the percentage errors for internal 
forces in example 3 is higher than example 4. However, as far as deflections are 
concerned, the situation is reversed. In this situation, it may be noticed that the 
pattern of the dome of Example 3 is more uniform than that of Example 4. On the 
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other hand the presence of the middle ring in Example 4 is likely to stiffen the 
dome. It seems that the stiffening effect of the ring in the reduction of errors for 
internal forces is more than the effects of the irregularity of the pattern in Example 
4. 
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CHAPTER FIVE 
DYNAMIC BEHAVIOUR OF DOMES 
5.1 INTRODUCTION 
The main purpose of this chapter is to predict the forces and displacements of a dome 
from its renecture when the dome is subjected to an earthquake motion. 
The approach presented here is based on transforming a dense dome into a similar 
dome with fewer members and nodes. As will be seen later, the forces and 
displacements of the actual dome can then be predicted through the solution of a 
reduced dome under similar loading and boundary conditions. 
5.2 DYNAMIC ANALYSIS 
As previously mentioned in chapter three, two basically different approaches are 
available for evaluating structural response to dynamic loads, namely: 
1. Deterministic approach and 
2. Nondeterministic approach. 
The method presented in this chapter for the analysis is based on deterministic 
earthquake-response analysis. 
5.3 RESPONSE SPECTRUM (SEISMIC) ANALYSIS 
As it was stated in chapter three, the dynamic equilibrium equation associated with the 
response of the structure to ground motion is given by 
MÜ+CÜ+KU = MÜ, (5.1) 
where 
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"M is the diagonal mass matrix, 
"C is the damping matrix, 
"K is the stiffness matrix of the structure, 
" 0. is the ground acceleration, 
and Ü, II and U are the structural acceleration, velocities and displacements, 
respectively. The ground acceleration is input as a digitized response spectrum curve, 
spectral acceleration vs time period. The ground excitation can occur simultaneously in 
three directions. To obtain the maximum displacements and member forces, first the 
modal responses associated with a particular direction of excitation are calculated. The 
modal responses are then combined using the Complete Quadratic Combination 
technique. 
5.4 RENECTION METHOD FOR DYNAMIC ANALYSIS OF DOMES 
Consider domes A and Ar shown in Figure 5.1. Dome A and its renecture are fixed 
supported at the outer boundary nodes. Both domes are assumed to be rigidly jointed 
and are assumed to carry vertical uniformly distributed load with the magnitude of the 
total load being the same for both domes. 
Both domes are assumed to be subjected to the same earthquake motion. The 
acceleration is obtained from the smoothed average-earthquake response spectra shown 
in Fig. 5.2. This is the same as Fig. 3.2 and is repeated here for convenience. 
Accelerations obtained for 16 different periods between 0.0 and 3.0 are shown in Table 
5.1. Damping is assumed to be 2% and the angle of the acceleration with the X axis is 
assumed to be 45 degree. 
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Fig. 5.1 
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Fig. 5.2 
Period, s 0.0 0.2 0.4 0.6 0.8 1.0 1.2 1.4 
Acceleration, MM/S2 1220 2745 2595 2135 1677 1525 1220 1067 
Period, s 1.6 1.8 2.0 2.2 2.4 2.6 2.8 3.0 
Acceleration, MM/S2 915 762 671 710 549 520 500 500 
Table 5.1 
An approximation to the maximum axial forces, bending moments in 1-2 and 1-3 planes 
(see Fig. 4.11) and displacements in the X, Y and Z directions are obtained by the root- 
sum-square method for 60 mode shapes. The results of the actual analysis of domes A 
and Ar and the comparison of torques, bending moments in 1-2 and 1-3 planes and 
displacements in the X, Y and Z directions for five highest value of the components for 
domes A and Ar are given in Table 5.3. Table 5.2 contains information used in the 
analysis. 
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Number of 
Joints 
Number of 
Members 
Load 
kN/m 
E 
kN/sq. mm 
Relative 
Density 
Section 
Particulars 
Structure 525 1025 150 200 - CHS 48.3x4 
Renecture 340 660 187.5 200 0.8 CHS 48.3x4 
Table 5.2 
Coordinates of point PWRT Esti- Actual Perce- 
Stru. mated Ratio ntage 
xyz Ratio Error 
750.48 -978.05 9922.39 1000 0.750 0.702 6.9 
-978.05 750.48 9922.39 996 0.750 0.721 4.0 
T 978.05 -750.48 9922.39 995 0.750 0.722 3.9 
-750.48 978.05 9922.39 992 0.750 0.696 7.8 
471.77 -1138.96 9922.39 938 0.750 0.708 6.0 
5356.31 -5029.91 6780.35 1000 0.800 0.997 19.9 
-4683.66 5661.57 6780.35 994 0.800 0.990 19.2 
M12 5162.62 -4848.03 7057.42 988 0.800 0.988 19.0 
-5944.49 4318.92 6780.35 986 0.800 1.075 25.6 
-4514.30 5456.85 7057.42 982 0.800 0.974 17.8 
5888.91 5530.05 5890.88 1000 0.800 1.190 32.8 
-5149.37 -6224.52 5890.88 995 0.800 1.152 30.6 
M13 -6535.57 -4748.37 5890.88 991 0.800 0.931 14.1 
4328.63 6820.83 5890.88 977 0.800 1.096 27.0 
7079.16 3891.80 5890.88 959 0.800 1.163 31.2 
3592.18 1974.82 9121.20 1000 0.800 0.816 1.9 
3970.45 1019.44 9121.20 1000 0.800 0.816 2.0 
Dx 3970.45 -1019.44 9121.20 999 0.800 0.816 2.0 
257.39 4091.14 9121.20 998 0.800 0.816 1.9 
1266.73 -3898.60 9121.20 997 0.800 0.813 1.7 
-1745.37 -3709.09 9121.20 1000 0.800 0.816 2.0 
-768.12 -4026.62 9121.20 1000 0.800 0.816 2.0 
Dy 3592.18 1974.82 9121.20 999 0.800 0.814 1.8 
2988.21 -2806.12 9121.20 998 0.800 0.814 1.8 
1-833.16 -4367.59 8957.12 996 0.800 0.815 1.9 
2988.21 2806.12 9121.20 1000 0.800 0.814 1.7 
2730.76 2564.36 9271.84 999 0.800 0.816 2.0 
Dz -2612.95 -3158.51 9121.20 995 0.800 0.814 1.7 
-2387.83 -2886.39 9271.84 993 0.800 0.811 1.3 
-3316.35 -2409.47 9121.20 987 0.800 0.806 0.8 
PWRT stands for permillage with respect to. 
T, M12, M13, Dx, Dy and Dz stand for Torque, moment in 1-2 plane, 
moment in 1-3 plane, displacement in the x direction, displacement 
in the y direction and displacement in the z direction, respectively. 
Table 5.3 
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Figs. 5.3 to 5.11 represent the torques, moments in 1-2 and 1-3 planes at midpoints of 
the members and joints displacement in the X, Y and Z directions for domes A and Ar. 
It is seen from these figures that the general manner of behaviour of domes A and Ar 
are very similar. These results confirm the reliability of the renection method in seismic 
analysis. 
So far, the application of the renection method for seismic analysis has been 
demonstrated in terms of domes with orthogonal pattern. Now, consider domes B and 
Br shown in Fig 5.12. Dome B and its renecture are constrained in X, Y and Z 
directions at the outer boundary joints. Both domes are assumed to be pin jointed and 
have been considered to carry vertical uniformly distributed load with the magnitude of 
the total load being the same for both domes. 
Both domes are assumed to be subjected to the same earthquake motion. The 
acceleration is obtained from smoothed average-earthquake response spectra shown in 
Fig. 5.2. 
Accelerations obtained for 16 different periods between 0.0 and 3.0 are shown in Table 
5.4. Damping is assumed to be 2% and the acceleration is assumed to be applied in the 
X direction. Approximations to the maximums of axial forces and displacements in the 
X, Y and Z directions are determined by the root-sum-square method for 80 mode 
shapes. 
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Dome A Torque Factor=1.06330E-01 kN mm 
Fig. 5.3 
217 
Dome Ar Torque Factor=1.55980E-01 kN mm 
Fig. 5.4 
218 
Dome A Moment(1-2 plane) Factor=1.12334E+00 kN mm 
Fig. 5.5 
219 
Dome Ar Moment(1-2 plane) Factor=1.14062E+00 kN mm 
Fig. 5.6 
220 
Dome A Moment(1-3 plane) Factor=8.96475E-01 kN mm 
Fig. 5.7 
221 
Dome Ar Moment(1-3 plane) Factor=9.56560E-01 kN mm 
Fig. 5.8 
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Dome B 
Dome Br 
Fig. 5.12 
226 
Period, s 0.0 0.2 0.4 0.6 0.8 1.0 1.2 1.4 
Acceleration, mm/S2 1220 2745 2595 2135 1677 1525 1220 1067 
Period, s 1.6 1.8 2.0 2.2 2.4 2.6 2.8 3.0 
Acceleration, mm/s2 915 762 671 710 549 520 500 500 
Table 5.4 
The results of the comparison of axial forces and displacements in the X, Y and Z 
directions for five highest values for domes B and Br are given in Table 5.6. Table 5.5 
contains information used in the analysis. 
Figs. 5.13 to 5.17 gives the axial forces and displacements in the X, Y and Z directions. 
It is seen from these figures that the general manner of behaviour of domes B and Br 
are very similar. These results confirm the reliability of the renection method for 
seismic analysis. 
227 
Number of 
Joints 
Number of 
Members 
Load 
kN/m 
E 
kN/sq. mm 
Relative 
Density 
Section 
Particulars 
Structure 420 1220 200 200 - CHS 108x4.5 
Renecture 240 690 267 200 0.75 CHS 108x4.5 
Table 5.5 
Coordinates of points PWRT Esti- Actual Perce- 
Stru. mated Ratio ntage 
xyz Ratio Error 
-1027.17 -6485.27 7470.25 1000 0.750 0.814 7.9 
1068.45 6745.91 7223.64 999 0.750 0.787 4.8 
F 1027.17 6485.27 7470.25 997 0.750 0.797 5.9 
1146.72 -7240.09 6702.11 990 0.750 1.200 36.9 
1108.31 -6997.62 6967.48 985 0.750 1.009 25.6 
-4330.03 -1406.91 8903.45 1000 0.750 0.817 8.2 
-4019.34 -1305.96 9063.08 999 0.750 0.810 7.4 
Dx 3683.34 2676.10 8903.45 998 0.750 0.808 7.2 
-3419.05 -2484.09 9063.08 991 0.750 0.797 5.8 
4019.34 1305.96 9063.08 990 0.750 0.797 5.9 
-0.00 -7173.16 6967.48 1000 0.780 0.957 18.5 
-0.00 -6915.13 7223.64 964 0.780 0.939 17.0 
Dy -0.00 -7421.71 6702.11 958 0.780 1.324 41.1 
0.00 7173.16 6967.48 940 0.780 0.908 14.1 
0.00 7421.71 6702.11 926 0.780 1.283 39.2 
3703.34 -1203.29 9210.72 1000 0.750 0.814 7.81 
4019.34 -1305.96 9063.08 994 0.750 0.828 9.4 
Dz 3382.44 -1099.02 9346.19 987 0.750 0.804 6.7 
-3893.92 0.00 9210.72 982 0.750 0.813 7.7 
-3382.44 1099.02 9346.19 980 0.750 0.784 4.4 
PWRT stands for permillage with respect to. 
F, Dx, Dy and Dz stand for axial force, diplacement in the x 
direction, displacement in the y direction and displacement in 
the z direction, respectively. 
Table 5.6 
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Dome B Axial Force Factor=3.97700E-02 kN 
Fig. 5.13 
229 
Dome Br Axial Force Factor=4.98200E-02 kN 
Fig. 5.14 
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CHAPTER SIX 
CONCLUSIONS 
6.1 INTRODUCTION 
This work presents a method for the prediction of the behaviour of a dense grid or dome 
from the knowledge of the behaviour of a structure that has all the features of the 
original structure but has a different density of pattern. The approach presented is based 
on transforming a dense structure into a similar structure with fewer members and 
nodes. This reduced system is referred to as the `renecture' of the original structure. The 
forces and displacements of the actual structure can then be predicted through the 
solution of the reduced structure under similar loading, support and boundary 
conditions. The prediction of the internal forces and displacements of a dense grid or 
dome under seismic loading has also been studied using the same approach. 
6.2 GRIDS 
A large number of analyses were carried out for dense grids in the present work. From a 
study of the results, the following conclusions can be reached: 
1. A convenient quantitative measure of relative density of patterns can be provided 
through the number of nodes. If NS and N,. are the number of nodes in the structure 
and the renecture, respectively, then the relative density is given by: 
f= Nr/N, 
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2. The results of the analyses show that the percentage errors increase as the, density of 
the renecture is decreased. Five renectures for Examples 1 to 4 in chapter 2 have 
been used to study the effects of changes in the density reduction on the percentage 
errors. Comparison of the results for the renectures in each example shows that the 
percentage errors increase as the density is decreased. 
3. Errors for irregular loads are higher than regular loads. Grids of Examples 1 to 4 in 
chapter 2 have the same pattern, boundary shapes and support conditions. 
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Fig. 6.1 
Comparison of results for these examples shows that the accuracy decreases when 
the load is applied to the entire grid (Example 1), 1/2 grid (Example 2), 1/4 grid 
(Example 3), and a concentrated load (Example 4), progressively, as shown in Fig. 
6.1. This figure has already been given in section 2.8.4.1 and is repeated here for 
convenience. 
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4. In general, the resulting errors for those members that are around a support or a 
concentrated load are higher than those that are at a distance from the supports or 
concentrated loads. 
5. The density factor for shear force for all the members of a grid that are around 
(within one module distance in each direction) a support is equal to one (section 
3.6). A similar conclusion can be reached for the members that are near an applied 
concentrated load. 
6. For diluted members, the theoretical prediction that the density factor for internal 
forces is equal to one is confirmed by the results of the analysis for all the examples 
considered. 
7. The results of the analyses show that errors for symmetric loads are less than those 
for the unsymmetric loads. 
8. The results of the analyses show that errors for distributed loads are less than those 
for the concentrated loads. 
9. The results for deflections are normally more uniform and more precise as 
compared with the results for internal forces. 
10. The irregularity of the boundary shape causes high percentage errors. The 
comparison of the results of the analyses of examples 7 (square), 8 (rectangle), 21 
(hexagonal) and 22 (triangle), in chapter 2, shows that the errors increases, 
progressively . 
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6.3 DOMES 
As for the case of grids, the relative density can be obtained through the number of 
nodes, that is: 
fýN, / N: 
1. In general when the distribution of internal forces are uniform, the percentage errors 
are low. 
2. As for the case of grids, the density factor for diluted members for axial force, 
bending moment, shear force and torque is equal to one. 
3. As for the case of grids, the results for the deflections are normally more uniform 
and more precise as compared with the results for the internal forces. 
4. When the distribution of internal forces are uniform, the percentage errors are 
lower, as compared with cases when the distribution of the forces is nonuniform. 
5. The method of renection, in general, proves to be applicable for engineering 
purposes and its results may be considered to be satisfactory for design uses. 
5.6 SUGGESTIONS FOR FUTURE WORK 
One can extend the renection method in many directions. The work presented in this 
Thesis provides a suitable basis for further investigation. A number of structures have 
been examined in this work. However, there are of course many other possible types of 
structures to be examined by this method. 
The main areas for the future work could be as follows: 
" extension of the work to cover other types of interconnection patterns, supports and 
loading conditions, 
" Extension of the work to cover other types of dense space structures, 
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" Extension of the work for nonlinear analysis, 
" Extension of the work for buckling phenomenon, 
" Extension of the work for periodic dynamic loads and 
" Extension of the work for the prediction of natural frequencies. 
REFERENCES 
1. NOOSHIN H, Algebric Representation and Processing of Structural Configurations, 
International Journal of Computers and Structures, Vol 5,1975, pp 119-130. 
2. NOOSHIN H, Formex Configuration Processing in Structural Engineering, Elsevier 
Applied Science Publishers, London, 1984. 
3. NOOSHIN H, Formex Data Generation, Proceeding of the International Symposium 
on Innovative Application of Shell and Spatial Forms, Edited by GS Ramaswamy, R 
Sundaram, CS Viswanatha and R Narayana, Oxford and IBH Publishing Co, New 
Dehli, Vol III, pp 131-146. 
4. NOOSHIN H, et al "Formian", Multi-Science Publishing Co, September 1993. 
5. NOOSHIN H, KHABBAZAN M. M, Approximate Analysis of Dense Space 
Structures, IASS Symposium, Public Assembly Structures(PAS), Istanbul, May 24- 
28 1993. 
6. ANEKWE C. M, Reduction Method of Analysis for Dense Space Structures, Ph. D, 
Thesis, University of Surrey, August, 1984. 
7. KHUBBAZAN M. M, The Renecture Method for Analysis of Space Frame, Ph. D, 
Thesis, University of Surrey, May 1989. 
8. NOOSHIN H, Rudiments of Matrix Structural Analysis, University of Surrey, 1972. 
9. CLOUGH R W, PENZIEN J, Dynamics of Structures, McGraw-Hill, 1982. 
10. SHEIKH A, Approximate Dynamic Analysis of Space Trusses, Engineering 
Structures, Volume 22, Issue 1, January 2000, Pages 26-28. 
UNIVERSITY OF SURREY LIBRARY 
238 
